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1. Introduction 

 

The role of asset markets in the determination of exchange rates has been an important research 

topic in recent years. In a world where all international assets are perfect substitutes, open interest 

parity holds, and there is no role for sterilized intervention or for current account imbalances (as 

wealth transfers) in the determination of exchange rates. When assets are not perfect substitutes, 

however, open parity will, in general, be violated. In this case, exchange rates will depend on the 

composition of outside assets outstanding, and on the distribution of world wealth1. 

The initial tests for open parity (see Levich, 1985, and references therein) tended not to reject 

it, concluding that the forward exchange rate provided an unbiased forecast of the future spot rate. 

More recently, however, work by Cumby and Obstfeld (1981), Hansen and Hodrick (1980), and 

Meese and Singleton (1982) using more powerful techniques has shown that in fact the assumption 

of open parity is rejected by the data. 

The next question is then whether any systematic deviations can be related to macroeconomic 

policy variables. The standard approach here has been to follow finance theory in deriving a model 

of expected relative returns on assets denominated in different currencies. Departures from open 

parity are then said to be due to a “risk premium”. Frankel (1982) tested for the presence of a risk 

premium applying this theory, but was unable to reject the hypothesis that it was not there. 

In the theoretical front, many papers have been written. Among the more recent, Dornbusch 

(1980) discusses the real interest rate differential across countries, and Krugman (1981) discusses 

departures from open parity, both in a micro, portfolio context2. 

This note extends this literature by analysing the determination of the risk premium in a two-

country world where inflation uncertainty is explicitly introduced into the model, along with 

exchange rate uncertainty. The risk premium will be shown to depend on the composition of outside 

assets, on the distribution of world wealth, and on the variance-covariance matrix of the two inflation 

rates and the exchange rate. With this structure, we can then analyse the consequences of purchasing 

power parity holding exactly and on an expected basis only. In the first case, the risk premium does 

not depend on the distribution of world wealth, whereas in the second it does. 

The next section sets up the framework, and discusses each country’s asset demands. Section 3 

derives an expression for the risk premium, and discusses PPP. Some extensions are provided in the 

appendix. 

 

 

                                        
1 See Branson and Henderson (1985), for a comprehensive discussion of all these issues. 
2 See also the earlier, and related work by Fama and Farber (1979), and the review by Adler and Dumas (1983). 
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2. Asset Demands3 

 

Each of our two countries issues a security denominated in its currency. The nominal returns 

on the home security (ܤ) and on the foreign security (ܨ) follows: 

 

(1) 
ௗ஻

஻
ൌ  ݐ݀݅

(2) 
ௗி

ி
ൌ  ݐ݀∗݅

 

The exchange rate (ܧ) is defined as the home currency price of foreign currency, and is assumed 

to follow geometric Brownian motion: 

 

(3) 
ௗா

ா
ൌ ݐ݀݁ ൅ ܵ௘݀ݖ௘

 

where ݁ and ܵ௘ are the instantaneous mean and variance of the process, and ݀ݖ௘ is a standard Wiener 

process4. 

Home and foreign net wealth are defined as: 

 

(4) ܹ ൌ ܤ ൅  ܨܧ

  ܹ∗ ൌ ஻∗

ா
൅  ∗ܨ

 

where ܤ and ܤ∗ are the respective home and foreign holdings of home bonds, and similarly for foreign 

bonds. The total stocks of each country’s bonds are denoted by bars. Equations (4) can be combined 

to yield: 

 

(5) ܹ ൅ ∗ܹܧ ൌ തܤ ൅  തܨܧ

 

On the consumption side, we assume there are two goods, each priced in the respective home 

currency. These prices are also assumed to follow geometric Brownian motion: 

 

(6) 
ௗ௉

௉
ൌ ݐ݀݌ ൅ ܵ௣݀ݖ௣ 

                                        
3 This section follows Branson and Henderson (1985). A derivation of asset demand functions from first principles is 
contained in the appendix. 
4 See Merton (1971) for a discussion of these stochastic processes, and Adler and Dumas (1983, pp. 940-941) for a 
discussion of their use in international finance. 
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ௗ௣∗

௣∗
ൌ ݐ݀∗݌ ൅ ܵ௣∗ ൅  ∗௣ݖ݀

 

Consumers maximize expected utility over an infinite horizon, subject to the usual wealth 

constraints. The utility functions for both consumers (and countries, since I assume individuals are 

identical within each country) are time separable, and exhibit constant relative risk aversion (equal to 

ܴ). Within each period, utility is Cobb-Douglas, with (∗ߙ)ߙ being the home (foreign) consumer’s 

share of the home good in consumption. 

Under these conditions, it can be shown that consumption and investment decisions are 

independent; and that the optimal portfolio shares coincide with those obtained from the 

maximization of a mean-variance utility function on real wealth changes, where nominal wealth is 

deflated with the appropriate (dual) price index. For example, the home consumer’s problem is to 

maximize 

 

(7) ܸ ൌ ߝ ቀௗௐ
ௐ෩
ቁ െ ଵ

ଶ
ܴvarሺௗௐ

෩

ௐ෩
ሻ 

 

where ෩ܹ  is real wealth ቂௐ
௉ഀ
ሺܲܧ∗ሻଵିఈቃ, ߝ denotes the expectation operator, and the foreign investor’s 

problem is defined analogously. 

Let ߣሺߣ∗ሻ be the share of the home asset in the home (foreign) investor’s portfolio: 

 

ߣ (8) ≡ ஻

ௐ
 

∗ߣ   ≡ ஻∗

ாௐ∗ 

 

Under the above assumptions, Branson and Henderson (1985) show that: 

 

ߣ (9) ൌ ଵ

ோௌ೐
మ ቂ݅ െ ݅∗ െ ݁ െ ሺܴ െ 1ሻ ቀܵߙ௘௣ ൅ ሺ1 െ ሻ൫ܵ௘ଶߙ ൅ ܵ௘௣∗൯ቁ ൅ ܴܵ௘ଶቃ 

 

where ܵ௘௣൫ܵ௘௣∗൯ is the instantaneous covariance between the exchange rate and the home (foreign) 

good price. 

Following the same procedure, it can be shown that: 

 

∗ߣ (10) ൌ ଵ

ோௌ೐
మ ቂ݅ െ ݅∗ െ ݁ െ ሺܴ െ 1ሻ ቀߙ∗ܵ௘௣ ൅ ሺ1 െ ሻ൫ܵ௘ଶ∗ߙ ൅ ܵ௘௣∗൯ቁ ൅ ܴܵ௘ଶቃ 
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Thus, even though both investors follow the same portfolio rule, their portfolio demands may 

differ on account of their differing consumption preferences. In particular, we can state the condition 

under which “home asset preference” will hold: 

 

ߣ (11) ൐ ∗ߣ ൏ൌ൐ ሺܴ െ 1ሻሺߙ െ ሻ൫ܵ௘ଶ∗ߙ ൅ ܵ௘௣∗ െ ܵ௘௣൯ ൐ 0

 

This condition ís frequently invoked in the macroeconomics literature (see Branson and 

Henderson, 1985). 

Assuming that ܴ 	 ൐ 	1, and that “home good preference” (ߙ ൐  holds, home asset preference (∗ߙ

obtains when: 

 

(12) ܵ௘ଶ ൅ ܵ௘௣ െ ܵ௘௣∗ ൐ 0 

 

This condition requires that the variance of the exchange rate be sufficiently higher than the 

variances of prices, and it is usually thought to hold5. 

When the expression in (12) is equal to zero, home and foreign investors will hold the same 

portfolio. In this case, the distribution of wealth across countries will not influence the equilibrium in 

international asset markets. The next section will discuss this result in more detail.

 

3. Market Equilibrium 

 

The market clearing conditions for the home asset is: 

 

ܹߣ (13) ൅ ∗ܹܧ∗ߣ ൌ തܤ  

 

This equation can be rewritten as: 

 

ݓߣ (’13) ൅ ሺ1∗ߣ െ ሻݓ ൌ ܾ 

 

where ݓ is the share of home wealth in world wealth, and ܾ is share of the home asset in all assets. 

Substituting for ߣ and ߣ∗, and solving for the expected return differential (the ‘risk premium’), 

we get: 

 

                                        
5 This is Macedo’s (1982) condition for an increase in a to lead to an increase in ߙ to lead to an increase in ߣ. 
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(14) ݅ െ ݅∗ െ ݁ ൌ ܿ ൅ ܴܵ௘ଶܾ െ ሺܴ െ 1ሻሺߙ െ ሻ൫ܵ௘ଶ∗ߙ ൅ ܵ௘௣∗ െ ܵ௘௣൯ݓ 

  ܿ ≡ ሺܴ െ 1ሻൣߙ∗൫ܵ௘௣ െ ܵ௘ଶ൯ ൅ ሺ1 െ ሻܵ௘௣∗൧∗ߙ െ ܵ௘ଶ 

 

This is the result mentioned in the introduction. Notice that signs of the coefficients of ܾ and ݓ 

(when home asset preference holds) correspond to those usually assumed in macro models. 

Let us now turn to a discussion of purchasing power parity. Given our Cobb-Douglas 

assumption, the real exchange (ߨ) can be written as: 

 

ߨ (15) ൌ ቀா௉
∗

௉
ቁ ߙ െ  ∗ߙ

 

Assuming that the law of one price holds, and that there are no transactions costs, ܲܲܲ will 

hold when either there is no home good preference (ߙ ൌ or the terms of trade ቀா௉ ,(∗ߙ
∗

௉
ቁ are constant. 

If the latter is the case, the stochastic processes of ܧ, ܲ, and ܲ∗ will not be independent, and we can 

use Ito’s lemma (see Merton 1971) to obtain: 

 

(16) ܵ௘ଶ ൅ ܵ௘௣∗ െ ܵ௘௣ ൌ 0 

 

Going back to equation (11), we see that when ܲܲܲ holds home asset preference does not 

obtain, and, as equation (14) indicates, the risk premium is independent of the distribution of wealth 

across countries. In this case, the expression for the risk premium reduces to:

 

(17) ݅ െ ݅ି െ ݁ ൌ ܴܵ௘ଶܾ ൅ ܿ 

 

When ߙ ൌ  :this equation can be rewritten as ,∗ߙ

 

(17’) ݅ െ ݅∗ െ ݁ ൌ ܵ௘ଶሾሺܴ െ 1ሻሺܾ െ ௠ሻߣ െ ሺ1 െ ܾሻሿ, 

 

where 

 

௠ߣ (18) ≡ െ ଵ

ௌ೐
మ ൫ܵ௘௣ߙൣ െ ܵ௘ଶ൯ ൅ ሺ1 െ  ሻܵ௘௣∗൧ߙ

 

is the share of the home asset in the minimum-variance portfolio (obtained from the minimization of 

var ቀௗௐ
ഥ

ௐഥ
ቁሻ. 
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From equation (17’) we see that when ܲܲܲ holds there is still a risk premium and it will be 

higher the higher the excess supply of home bonds over its share in the minimum-variance portfolio6. 

Note also that even when ܾ ൌ  ௠ there remains a deviation from open interest parity. This followsߣ

from the fact that investments in foreign currency are more attractive in the presence of uncertainty 

on account of Jensen’s inequality, as Krugman (1981) pointed out. 

The assumption of exact PPP, however, is clearly too strong. Let us look instead at a case where 

PPP is only expected to hold7. 

Applying Ito’s lemma we can derive an expression for the stochastic process followed by the 

real exchange rate (let ܽ ≡ ߙ െ  :(∗ߙ

(19) 
ௗగ

గ
ൌ ቂܽሺ݁ ൅ ∗݌ െ ሻ݌ ൅ ܽଶ൫ܵ௘௣∗ െ ܵ௘௣ െ ܵ௣௣∗൯ ൅

ଵ

ଶ
ሺܽሺܽ െ 1ሻ൫ܵ௣∗ଶ ൅ ܵ௘ଶ൯ ൅ ܽሺ1 ൅

ܽሻܵ௣ଶ	ቃ ݐ݀ ൅ ܽ൫ܵ௘݀ݖ௘ ൅ ܵ௣∗݀ݖ௣∗ െ ܵ௣݀ݖ௣൯ 

If ܲܲܲ is expected to hold, the term in square brackets will be equal to zero. To develop some 

intuition, let us assume that: 

݁ ൅ ∗݌ െ ݌ ൌ 0  and  ܵ௣∗
ଶ ൌ ܵ௣ଶ 

Under these assumptions, (10) implies: 

ܽ൫ܵ௘ଶ ൅ ܵ௘௣∗ െ ܵ௘௣൯ ൅ ܽ൫ܵ௣ଶ െ ܵ௣௣∗൯ െ
1
2
ሺ1 ൅ ܽሻܵ௘ଶ ൌ 0 

The first term in this expression has to be positive if home asset preference is to hold at all. A 

sufficient condition for this is given that 0 ൏ ܽ ൏ 1: 

(20) ܵ௘ଶ ൐ ܵ௣ଶ െ ܵ௣௣∗ 

Thus, if PPP is only expected to hold, a restriction similar to the one imposed on equation (12) 

is sufficient to guarantee home asset preference. 

  

                                        
6 Dornbusch (1980) provides a similar interpretation in his discussion of the differential on real interest rates. 
7 This is consistent with the recent finding of Adler and Lehman (1984) that deviations from PPP follow a martingale. 
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(1) 

(2) 

(3) 

(4) 

(5) 

APPENDIX 

 

A.l. The Demand for Foreign Bonds 

 

This section derives equation (9) in text from first principles, using standard techniques of 

portfolio selection in continuous-time models. (See Merton 1971, for details and references, and 

Ingersoll 1982 for a nice exposition.) The derivation is done for a general price index ܳ. 

Consider a risk-averse consumer who maximizes the expected utility of a continuous flow of 

consumption ܥሺݐሻ over an infinite horizon. Assume his utility function is concave, time-separable, 

and state-independent (but not necessarily time-independent). More formally, he will want to: 

maxܧ଴ න ,ሻݐሺܥሺݑ ݐሻ݂ݐ

ஶ

଴

 

subject to a wealth constraint. Let us further assume, for simplicity, that the consumer receives no 

income, and that he is born with an amount of wealth, a part of which he must invest each period to 

provide for future consumption. As the scale of his initial wealth is not relevant, let us focus on the 

flow budget constraint faced by the individual each period. This constraint can be approximated by: 

ܹሺݐ ൅ Δݐሻ ൌ ሾܹሺݐሻ െ ሿݐሻΔݐሺܥ ቂ෍ߣ௜ሺ1 ൅  ௜ሻቃݎ

where ܹሺݐሻ is real wealth ( ෩ܹ  in the text). 

This equation States that at time ݐ an amount ܥሺݐሻΔݐ is set aside for consumption (at a constant 

rate) during the subsequent interval of length Δݐ. Simultaneously, the remainder W(t) - C(t)At is 

invested, leading to next period's wealth. The investment decision consists of deciding what share X. 

of wealth is to be allocated to each asset, given the variance-covariance properties of their returns, ݎ௜. 

In our case the choice has to make over two assets: a domestic bond, and a foreign currency 

bond. Their nominal returns in their currencies of denomination are reproduced here for convenience.  

ܤ݀
ܤ

ൌ  ݐ݀݅

ܨ݀
ܨ
ൌ  ݐ݀∗݅

Both assets have non-stochastic nominal returns in their currencies, but this does not mean they 

are riskless: for a home consumer, the returns on the home asset are subject to (home) inflation risk, 

and the returns on the foreign asset are subject to exchange rate risk. The relevant domestic price 

index and the exchange rate will be assumed to follow Geometric Brownian notions, represented by:  

݀ܳ
ܳ

ൌ ݐ݀ݍ ൅ ܵ௤݀ݖ௤ 
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(6) 

(7) 

(8) 

(9) 

(2’) 

(10a) 

(10b) 

(11) 

(12) 

(13) 

ܧ݀
ܧ
ൌ ݐ݀݁ ൅ ܵ௘݀ݖ௘ 

In order to solve the optimization problem, we must convert the nominal returns into real 

returns. For example, the real value of the house asset at a point in time is given by:  

ሻݐ෨ሺܤ ൌ  ሻݐሻ/ܳሺݐሺܤ

To calculate its real return, we apply Itô’s lemma (see Merton, 1971, p. 375), obtaining: 

௕ݎ ≡
෨ܤ݀

෨ܤ
ൌ ൫݅ െ ݍ െ ܵ௤ଶ൯݀ݐ െ ܵ௤݀ݖ௤ 

Following the same route, we can obtain the real return on the foreign asset: 

௙ݎ
݀ሺܨܧ෨ሻ

෨ܨܧ
ൌ ൫݅∗ ൅ ݁ െ ݍ െ ܵ௘௤ ൅ ܵ௤ଶ൯݀ݐ ൅ ܵ௘݀ݖ௘ െ ܵ௤݀ݖ௤ 

where ܵ௘௤ is the instantaneous covariance between ܧ and ܳ. 

The share of investment placed in the foreign asset is denoted by; 

ሻݐሺߣ ൌ
ሻݐሺܨሻݐሺܧ

ܹሺݐሻ െ ݐሻΔݐሺܥ
 

We can now rewrite the wealth constraint (2) as: 

Δܹ ≡ ܹሺܶ ൅ Δݐሻ െܹሺݐሻ ൌ െܥሺݐሻΔݐ ൅ ሾܹሺݐሻ െ ௙ݎሻݐሺߣሻሿ൛ݐሻΔሺݐሺܥ ൅ ሾሺ1 െ  ௕ൟݎሻሿݐሺߣ

Substituting for the real returns, and taking expectations, we obtain (dropping the time 

notation): 

௧ሺΔܹሻܧ ൌ ∗൫݅ߣൣ ൅ ݁ െ ݅ െ ܵ௘௤൯ ൅ ݅ െ ݍ ൅ ܵ௤ଶ൧ܹΔݐ െ  ݐΔܥ

var௧ሺΔܹሻ ൌ ଶܵ௘ଶߣൣ െ ௘௤ܵߣ2 ൅ ܵ௤ଶ൧ܹଶΔݐ 

We can now turn to the optimization problem. Define a maximized utility of wealth function 

as follows: 

,ሻݐሺܹሺܬ ሻݐ ≡ maxܧ௧ න ,ܥሺݑ ݏሻ݀ݏ

ஶ

଴

 

Using this definition, and the properties of conditional expectations, we get: 

,ሻݐሺܹሺܬ ሻݐ ൌ maxܧ௧ ቂ׬ ,ܥሺݑ ݏሻ݀ݏ ൅ ׬ ,ܥሺݑ ݏሻ݀ݏ
ஶ
௧ା∆௧

௧ା∆௧
௧ ቃ ൌmaxܧ௧ ቂ׬ ,ܥሺݑ ݏሻ݀ݏ ൅

௧ା∆௧
௧

௧ା∆௧ܧ ׬ ,ܥሺݑ ݏሻ݀ݏ
ஶ
௧ା∆௧ ቃ ൌ maxܧ௧ ቂ׬ ,ܥሺݑ ݏሻ݀ݏ ൅ ݐሺܹሺܬ ൅ ,ሻݐ∆ ݐ ൅ ሻݐ∆

௧ା∆௧
௧ ቃ  

Expand ܬሺܹሺݐ ൅ ,ሻݐ∆ ݐ ൅ ,ሻݐሺܹሺܬ ሻ aroundݐ∆  :ሻݐ

ݐሾܹሺܬ ൅ ,ሻݐ∆ ݐ ൅  ሿݐ∆

ൌ ,ሺܹܬ ሻݐ ൅ ݐ∆௧ܬ ൅ ܹ∆ௐܬ ൅
1
2
ௐௐ∆ܹଶܬ ൅

1
2
ଶݐ∆௧௧ܬ ൅ ܹ∆ݐ∆௧ௐܬ ൅ ܴ 

Taking expectations, and disregarding small terms, we get: 

ݐሺܹሺܬ௧ሾܧ ൅ ,ሻݐ∆ ݐ ൅ ሻሿݐ∆ ൌ ,ሺܹܬ ሻݐ ൅ ݐ∆௧ܬ ൅ ௧ሺ∆ܹሻܧௐܬ ൅
1
2
 ௐௐvar௧ሻ∆ܹሻܬ
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(14) 

(15) 

(16a) 

(16b) 

(17) 

(18) 

(16a’) 

(15’) 

Substituting back into (11), we obtain: 

0 ൌ max ൜ݑሺܥ, ݐ∆ሻݐ ൅ ݐ∆௧ܬ ൅ ௧ሺ∆ܹሻܧௐܬ ൅
1
2
 ௐௐvar௧ሺ∆ܹሻൠܬ

where we have approximated the utility obtained in the time interval. 

Substituting (10) into (14), and dividing by ∆ݐ, we get: 

0 ൌ max
௖,ఒ

൛ݑሺܥ, ሻݐ ൅ ௧ܬ ൅ ∗ௐܹൣ൫݅ܬ ൅ ݁ െ ݅ െ ܵ௘௤൯ ൅ ݅ െ ݍ ൅ ܵ௤ଶ െ ൧ൟܹ/ܥ

൅
1
2
ଶܵ௘ଶߣௐௐܹଶൣܬ െ ௘௤ܵߣ2 ൅ ܵ௤ଶ൧ 

The first-order conditions for this maximization are: 

ܬ߲
ܥ߲

ൌ 0		 → 		 ௖ݑ ൌ  ௐܬ

ܬ߲
ߣ߲

ൌ 0			 → 			 ∗ௐൣ݅ܬ ൅ ݁ െ ݅ െ ܵ௘௤൧ ൅ ௘ଶܵߣௐௐܹൣܬ ൅ ܵ௘௤൧ ൌ 0 

The first is known as the ‘envelope condition’, and it states that the marginal utility of 

consumption should be equated to an ‘expected, discounted marginal utility of wealth’ (re: the utility 

function may include a discount factor). The second condition implies an optimal share ߣ∗: 

ሻݐሺ∗ߣ ൌ
െܬௐ

௪௪ܹܵ௘ଶܬ
൤݅∗ ൅ ݁ െ ݅ െ ൬

ௐௐܹܬ
ௐܬ

൅ 1൰ ܵ௘௤൨ 

where ߣ∗ is written as function of time to remind us that J will in general be time-dependent. This 

equation is already very similar to the foreign-bond demand in the paper, and will in fact reduce to 

that when we assume that utility has constant relative risk aversion. To see this, let us proceed with 

the analysis, assuming: 

,ܥሺݑ ሻݐ ൌ ݁ି௣௧ ܿ
ఊ
ൗߛ  

where ݌ is a subjective discount factor, and 1 െ  is equal to the coefficient of relative risk aversion ߛ

(and hence we assume ߛ ൏ 1). In this case we have, from (16a), 

ሻݐሺ∗ܥ ൌ ሺܥ௣௧ܬௐሻ
ଵ
ሺఊିଵሻൗ  

Using the Solutions for ܥ and ߣ, we can rewrite (15) as (after some manipulations):

0 ൌ ݁ି௣௧ ൬
1
ߛ
െ 1൰ ሺ݁௣௧ܬௐሻ

ఊ
ఊିଵ ൅ ௧ܬ ൅ ௐܬܹݎ െ

1
2
ଶݔ

ܵ௘ଶ
ௐܬ
ଶ

ௐௐܬ
൅
1
2
 ௐௐܹܵଶܬ

where: 

ݔ ≡ ݅∗ ൅ ݁ െ ݅ െ ܵ௘௤ 

ݎ ≡
ܵ௘௤
ܵ௘ଶ

ݔ ൅ ݅ െ ݍ ൅ ܵ௤ଶ 

ܵ ≡
൫ܵ௘௤൯

ଶ

ܵ௘ଶ
൅ ܵ௤ଶ 

Equation (15’) is quite similar to the partial differential equation that appears in the standard 
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(15’’) 

(15’’’) 

(19a) 

(19b) 

model of portfolio selection. There, ݎ is the risk-free interest rate, instead of ݔଶ ܵ௘ଶ⁄  we have the square 

of the expedted excess return on the market over the risk-free rate divided by the variance of the 

market, and the last term is absent. To solve (15’) we employ the same trick, defining a convenient 

function of ܹ as follows:  

ሺܹሻܫ ≡ ݁௣௧ܬሺܹ,  ሻݐ

Substituting into (15’) we get: 

0 ൌ ൬
1
ߛ
െ 1൰ ሺܫ′ሻ

ఊ
ఊିଵ െ ܫ݌ ൅ ᇱܫܹߛ െ

1
2
ଶݔ

ܵ௘ଶ
ሺܫᇱሻଶ

ᇱᇱܫ
൅
1
2
 ଶܹ′′ܫܵ

If we guess the form ܹܣఊ/ߛ for ܫሺܹሻ, we obtain: 

0 ൌ ఊܹܣ ቈ
1 െ ߛ
ߛ

ܣ
ଵ

ఊିଵ െ
݌
ߛ
൅ ݎ െ

1
2
ଶݔ

ܵ௘ଶ
1

ߛ െ 1
൅
1
2
ܵሺߛ െ 1ሻ቉ 

The non-trivial solution is then: 

ܣ ൌ ቊ
ߛ

1 െ ߛ
ቈ
݌
ߛ
െ ݎ ൅

1
2
ଶݔ

ܵ௘ଶ
1

ߛ െ 1
െ
1
2
ܵሺߛ െ 1ሻ቉ቋ

ఊିଵ

≡ ܽఊିଵ 

Now, remember that: 

ሺܹሻܬ ൌ ݁ି௣௧ܫሺܹሻ ൌ ݁ି௣௧ܽఊିଵ
ܹఊ

ߛ
 

From (16a’) and (17) we obtain the optimal choices: 

ሻݐሺ∗ܥ ൌ ܹܽሺݐሻ 

∗ߣ ൌ
1

ሺ1 െ ሻܵ௘ଶߛ
ൣ݅∗ ൅ ݁ െ ݅ ൅  ௘௤൧ܵߛ

where we have shown that ߣ is time-independent, and corresponds to equation (10) in the paper. 

Finally, to rule out Solutions with negative consumption we impose ܽ	 ൐ 	0; and to rule out the 

possibility of plans which generate infinite utility, we impose ݌	 ൐ 	0. These two conditions can be 

combined into a ‘transversality condition’, 

݌ ൐ max ቊ0, ߛ ቈݎ െ
1
2
ଶݔ

ܵ௘ଶ
1

ߛ െ 1
൅
1
2
ܵሺߛ െ 1ሻ቉ቋ 

which is not easily interpretable, and is assumed to hold. 

 

 

References: 

 

Ingersoll, J. (1982), ‘Continuous-Time Portfolio Selection’, unpublished lecture note, 

University of Chicago. 

 

Merton, R. C. (1971), ‘Optimum Consumption and Portfolio Rules in a Continuous-Time 
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A.2. Extensions of the Basic Model 

 

The unifying theme of this section is the notion that the basic model presented in the text 

provides us with some insight into the functioning of international asset markets, but is far too narrow 

to be considered realistic. As a consequence, the portfolio-balance/asset-markets approach to 

exchange rates will only be empirically successful when we employ specifications that are more 

general than the ones that have been used up to now, including the extension of Frankel’s (1982) 

work derived in section A.2.1. 

The first additional extension will change or expand the menu of assets available to our 

investors. The asset demand functions derived in the text are crucially dependent on the assumption 

that there are only two assets available: a domestic and a foreign asset. Section A.2.2 will relax this 

assumption in two different directions; it will first assume that the domestic asset is indexed to the 

domestic price index, and, alternatively, it will include a third asset that is available only to domestic 

residents (a ‘non-traded asset’). Section A.2.3 will discuss in more detail the consequences of 

purchasing power parity, extending the discussion in the text to the case where ܲܲܲ does not hold 

exactly, but is expected to hold. Section A.2.4 analyzes changes in the degree of relative risk aversion 

ܴ, allowing for different ܴ’ݏ at home and abroad. Finally, section A.2.5 provides some further 

thoughts on asset demands. 

 

A.2.1. Empirical Implications of the Model in the Text 

 

In a recent paper, Frankel (1982) has attempted to test for the existence of a risk premium. He 

derives asset demand functions from mean-variance optimization, and estimates a model that includes 

six different currencies. The only random variables in his model are the exchange rates, and all 

investors are assumed to have the same consumption preferences. 

In my simple two country example Frankel’s equation can be rewritten as: 

݅௧∗ െ ݅௧ ൅ ݁̅௧ାଵ ൌ ܴܵ௘ଶሺߣ௧ െ ሻߚ ൅  ௧ାଵݑ

where ߣ௧ is the actual share of Fr bonds in the market, ߚ is the share of Fr goods in consumption 

(which in the absence of price uncertainty coincides with the minimum variance portfolio), ݁̅௧ାଵ is 

the actual depreciation, and ݑ௧ାଵ is an error term which reflects the rational expectations assumption, 

i.e.: 

݁̅௧ାଵ ൌ ݁௧ାଵ ൅ ௧ାଵݑሺߝ													௧ାଵݑ ௧ሻܫ ൌ 0⁄  
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(23) 

(1) 

(2) 

(4) 

Eguation (21) is used to estimate the coefficient of risk aversion (ܴ), In order to maximize 

econometric efficiency, Frankel notes that the variance of the error term is exactly the variance that 

appears in the coefficients in the regression. He imposes this restriction, and concludes that the 

hypothesis of risk neutrality (ܴ	 ൌ 	0) cannot be rejected. When he allows for different preferences 

across countries, and for the more precise continuous time derivation, positive values of ܴ become 

slightly more plausible than zero or negative values. Frankel points out, however, that all these results 

must be interpreted with care because the tests have very low power. 

This note suggests that these tests may be improved if price uncertainty is allowed for. The 

equation to be estimated is the one implied by (31), and it should be jointly estimated with inflation 

equations for each country. One possible system would be the following:  

݁̅௧ାଵ ൅ ݅௧∗ െ ݅௧ ൌ ܽ଴ ൅ ܽଵܾ௧ െ ܽଶݓ௧ ൅  ௧ାଵݑ

௧ܲାଵ ൌ ܿଵሺܮሻ ௧ܲ ൅ ܿଶሺܮሻܺ௧ ൅  ௧ାଵݒ

௧ܲାଵ
∗ ൌ ݀ଵሺܮሻ ௧ܲ

∗ ൅ ݀ଶሺܮሻܺ௧∗ ൅  ௧ାଵߟ

where ܿଵሺܮሻ, ܿଶሺܮሻ, ݀ଵሺܮሻ, and ݀ଶሺܮሻ are polynomials in the lag operator, and ܺ௧ and ܺ௧∗ are any 

other variables that may enter each country’s inflation equation. 

To maximize efficiency, the variance-covariance restrictions between the coefficients in the 

risk premium equation and the error terms in all equations should be imposed. This natural extension 

of Frankel's work should increase the power of the test for the existence of a risk premium. As we 

mentioned above, however, this specification is still not broad enough. We now turn to a discussion 

of some further extensions. 

 

A.2.2. Asset Demands with a Domestic Indexed Bond or with a ‘Non-Traded’ Bond 

 

Let us assume first that the domestic asset is perfectly indexed to the domestic price level, 

yielding a non-stochastic return. Applying the methods used in the text and in Appendix I, we can 

calculate the real returns on our two assets, obtaining:  

݀ሺܤ ܳሻ⁄

ܳ/ܤ
ൌ  ݐ݀ݎ

(by assumption) 

݀ሺܨܧ ܳሻ⁄

ܳ/ܨܧ
ൌ ൫݁ ൅ ݅∗ െ ݍ െ ܵ௘௤ ൅ ܵ௤ଶ൯݀ݐ ൅ ܵ௘݀ݖ௘ െ ܵ௤݀ݖ௤ 

Real wealth ( ෩ܹ ) dynamics are now given by: 

݀ ෩ܹ

෩ܹ ൌ ሺ1 െ ሻߣ
݀ሺܤ ܳ⁄ ሻ
ܤ ܳ⁄

൅ ߣ
ሺܨܧ ܳ⁄ ሻ
ܨܧ ܳ⁄

ൌ ∗൫݅ߣൣ ൅ ݁ െ ݎ െ ݍ െ ܵ௘௤ ൅ ܵ௤ଶ൯൧݀ݐ ൅ ௜ݖ൫ܵ௘݀ߣ െ ܵ௤݀ݖ௤൯ 

Assuming, as before, we can use mean-variance, we get: 
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(4’) 

(5) 

(6) 

(7) 

(8) 

ߣ ൌ
ሺ݅∗ ൅ ݁ሻ െ ൫ݎ ൅ ݍ ൅ ܵ௘௤൯ ൅ ܵ௤ଶ

ܴ൫ܵ௘ଶ ൅ ܵ௤ଶ െ 2ܵ௘௤൯
 

It can be shown that the expected nominal return on the indexed bond (i) will equal the second 

term in parenthesis in (4), which can then be rewritten as: 

ߣ ൌ
݅∗ ൅ ݁ െ ݅ ൅ ܵ௤ଶ

ܴ൫ܵ௘ଶ ൅ ܵ௤ଶ െ 2ܵ௘௤൯
 

For my purposes we can stop here, without doing the same calculation for the foreign investor. 

It should be clear that this demand differs from equation (10) in the text, and that therefore tests for 

a risk premium based on (10) would potentially run into misspecification problems.

Let us now examine asset demands when the home investor is given the additional choice of a 

non-traded asset. In principle one could examine the problem in its general form, including a non-

tradable good in the domestic price index. To keep things manageable, however, I will assume that 

prices are non-stochastic, and that the returns on the new asset are given by: 

݀݉
݉

ൌ ݐ݀݉ ൅ ܵ௠݀ݖ௠ 

Let its portfolio share be denoted by ߜ, and the share of the foreign bond by ߣ. The usual 

calculations imply: 

ߜ ൌ
1
ܴΔ

ሾሺܵ௘ଶ ൅ ܵ௘௠ሻሺ݅ െ ݉ሻ ൅ ܵ௘௠ሺ݅∗ ൅ ݁ െ ݉ሻሿ 

ߣ ൌ
ܵ௠ଶ

ܴΔ
൤݅ െ ݅∗ െ

ܵ௘௠
ܵ௠ଶ

ሺ݅ െ ݉ሻ൨ 

Δ ≡ െሾܵ௠ଶ ܵ௘ଶ ൅ ሺܵ௘௠ሻଶ ൅ 2ܵ௠ଶ ܵ௘௠ሿ 

To rule out asset demands that depend negatively on the own rate of return, I will assume 

throughout that Δ ൏ 0. This amounts to assuming that ܵ௘௠ is not too large and negative. If, for 

example, the non-traded asset is land (foreigners are not allowed to own domestic land), and the 

returns on land are positively correlated with the exchange rate (say, through export earnings), then 

the condition will be satisfied. 

In this case, the demand equations will be well behaved, and the assets will be gross substitutes. 

The foreign bond demand will now depend on ݉ and ܵ௘௠, implying that the use of (10) in the text 

will lead to the exclusion of a relevant variable in the test for a risk premium. 

In practice, other problems are likely to arise. For example, it is very hard to obtain an 

appropriate measure of each country's wealth. Clearly, the definition used here is too narrow; we 

should try to include the stock market, human capital, etc. If we do so, and that is not easy, we then 

have to considerably broaden our vector of assets, leading to non-trivial data difficulties. 

 

A.2.3. Implications of Purchasing Power Parity (PPP) 
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(9) 

(9’) 

(10) 

 

If the impact of current account disequilibria on exchange rates is modelled because of the 

wealth transfer aspect of the imbalance, then, as we saw in the text, a necessary condition is that PPP 

does not hold exactly. If it does hold exactly, then I have demonstrated that investors in both countries 

will hold the same portfolio, and therefore no change in asset prices (the exchange rate) will result 

from a wealth transfer. Moreover, even when PPP does not hold, we saw that the following condition 

had to hold to make sure that the wealth transfer would lead to right change in the exchange rate: 

ܵ௘ଶ ൅ ܵ௘௤∗ െ ܵ௘௤ ൐ 0 

Macedo (1982, p. 84) obtains essentially the same condition when discussing the relationship 

between goods and asset preferences (see Branson and Henderson 198u, for a discussion). He claims 

this condition is likely to hold “because the variance of exchange rate changes tends to be much larger 

than the variance of inflation rates”. This is better seen when we rewrite (9) using correlation 

coefficients: 

ܵ௘ ൅ ௘௤ܵ௤ߩ∗௘௤∗ܵ௤ߩ ൐ 0 

(This is Macedo’s p. 84 equation.)

While the assumption that PPP holds exactly is certainly too strong, the alternative of PPP 

holding only in expected terms is more plausible. To examine this case let us look at the Cobb-

Douglas example used in the text. Under this assumption, the real exchange rate ߨ can be defined as: 

ߨ ൌ
∗ܳܧ

ܳ
ൌ ൬

∗ܲܧ

ܲ
൰ ܽ 

ܽ ≡ 1 െ ߙ െ ߚ ൐ 0 

(home goods preference) 

Applying Ito’s lemma we can derive an expression for the stochastic process followed by the 

real exchange rate: 

ߨ݀
ߨ
ൌ ൤ܽሺ݁ ൅ ∗݌ െ ሻ݌ ൅ ܽଶ൫ܵ௘௣∗ െ ܵ௘௣ െ ܵ௣௣∗൯ ൅

1
2
൫ܽሺܽ െ 1ሻ൫ܵ௣∗

ଶ ൅ ܵ௘ଶ൯ ൅ ܽሺ1 ൅ ܽሻܵ௣ଶ൯൨ ݐ݀

൅ ܽ൫ܵ௘݀ݖ௘ ൅ ܵ௣∗݀ݖ௣∗ െ ܵ௣݀ݖ௣൯ 

If PPP is expected to hold, the term in square brackets will be equal to zero. To develop some 

intuition, let us assume that: 

݁ ൅ ∗݌ െ ݌ ൌ 0 

and 

ܵ௣∗
ଶ ൌ ܵ௣ଶ 

Under these assumptions, (10) implies: 

ܽ൫ܵ௘ଶ െ ܵ௘௣∗ െ ܵ௘௣൯ ൅ ܽ൫ܵ௣ଶ െ ܵ௣௣∗൯ െ
1
2
ሺ1 ൅ ܽሻܵ௘ଶ ൌ 0 
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The first term in this expression has to be positive if home asset preference (HAP) is to hold at 

all. A sufficient condition for this is given that 0	 ൏ 	ܽ	 ൏ 	1: 

ܵ௘ଶ ൐ ൫1 െ  ௣௣∗൯ܵ௣ଶߩ

where I made use of the assumptions above.

We can therefore conclude that a similar condition for HAP applies for the case of expected 

PPP as well – the variance of the exchange rate has to be sufficiently higher than the variance of 

inflation. 

 

A.2.4. Changes in the Degree of Relative Risk Aversion (ܴ, ܴ∗) 

 

The argument that the German stock market is relatively small because Germans are more risk-

averse than Americans is sometimes brought up in (very) informal discussions. This section follows 

this ‘conjecture’ by checking whether ܴ∗ ൐ ܴ has any implications for the forward premium on the 

dollar. 

To analyse this problem we derive an expression for ߠ assuming that ܴ∗ ൌ  and compare ,ܴߙ

across equilibria when a changes. Tedious calculations show that: 

ߠ߲
ߙ߲

ൌ
െሺ1 െ ሻ൫ܵ௘ଶݓ ൅ ܵ௘௤∗൯ െ ሺ1 െ ߠሻݓ

ݓ ൅ ሺ1ߙ െ ሻݓ
 

This could, in general, be positive or negative. If, however, we make the plausible assumptions 

that HAP holds, and that ܵ௘௤ ൐ 0 (“an appreciation of the dollar helps lower inflation”), we obtain 

for small ߠ that: 

ߠ߲
ߙ߲

൏ 0 

This means that higher ܴ∗ should correspond to higher ߠ, or that the fact that we observe a 

(risk) premium on the dollar is consistent with the fact that Germans are thought to be more risk-

averse than Americans. The reader should naturally take this conclusion with a grain of salt. 

 

 

 

A.2.5. A Final Note on Asset Demands 

 

In survey of the literature on the specification and influence of asset markets [on exchange 

rates] Branson and Henderson (1984) show that the portfolio of domestic and foreign assets can be 

decomposed into a minimum-variance and a speculative ‘fund’. For the world as a whole, however, 

this CAPM-type separation does not hold, because these 'funds' will not be the same for the domestic 
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(11) 

(12) 

and foreign investors. This follows from the fact that in a world where foreign and domestic investors 

care about differing price indices there is no unique minimum-variance portfolio (each investor will 

have his own). 

We can, however, obtain some further information about asset demands by substituting the 

equilibrium value of the risk premium into the asset demands derived in the text. When we do this, 

we obtain (for the shares of the home, i.e., Br asset):  

1 െ ߣ ൌ ܾ ൅
ሺܴ െ 1ሻܵሺ1 െ ሻݓ

ܴܵ௘ଶ
 

ߜ ൌ ܾ െ
ሺܴ െ 1ሻܵ௪

ܴܵ௘ଶ
 

ܵ ≡ ܵ௘ଶ ൅ ܵ௘௤∗ െ ܵ௘௤ 

When PPP holds (ܵ ൌ 0), each investor will, given equilibrium rates of return, hold each asset 

in the proportion that it is available in the market. When PPP does not hold, and home asset preference 

exists (S > 0), 1 െ ߣ ൐ ܾ, i.e., the share of the investor’s home assets in his portfolio will be higher 

than the assetts share in the market, the dífference being a function of each country’s wealth. 
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