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Abstract

Recently, there has been a growing interest in developing econometric tools to con-
duct counterfactual analysis with aggregate data when a “treated” unit suffers an
intervention, such as a policy change, and there is no obvious control group. Usually,
the proposed methods are based on the construction of an artificial counterfactual
from a pool of “untreated” peers, organized in a panel data structure. In this paper,
we investigate the consequences of applying such methodologies when the data are
formed by integrated process of order 1. We find that without a cointegration relation
(spurious case) the intervention estimator diverges resulting in the rejection of the
hypothesis of no intervention effect regardless of its existence. Whereas, for the case
when at least one cointegration relation exists, we have a v/T-consistent estimator
for the intervention effect albeit with a non-standard distribution. However, even in
this case, the test of no intervention effect is extremely oversized if nonstationarity is
ignored. When a drift is present in the data generating processes, the estimator for
both cases (cointegrated and spurious) either diverges or is not well defined asymp-
totically. As a final recommendation we suggest to work in first-differences to avoid
spurious results.
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1 Introduction

The goal of this paper is to investigate the consequences of applying popular econometric
methods for counterfactual analysis when the data are non-stationary. The econometric
framework considered in the paper nests the panel factor (PF) method by Hsiao, Ching,
and Wan (2012), the Artificial Counterfactual (ArCo) of Carvalho, Masini, and Medeiros
(2016), and extensions of the Synthetic Control (SC) originally proposed by Abadie and
Gardeazabal (2003) and Abadie, Diamond, and Hainmueller (2010) as discussed in Doud-
chenko and Imbens (2016). Most of the literature on counterfactual analysis for panel data
do not take into account the possibility of non-stationarity. For example, in the SC set-
ting, the econometric estimation is viewed as a cross-section problem and the time-series
nature of the data is ignored. On the other hand, the PF and the ArCo methods explicitly
explore the time dimension. However, Carvalho, Masini, and Medeiros (2016) assume that
the data is stationary while Hsiao, Ching, and Wan (2012) conjecture that if the data are
cointegrated, their results will still hold. This conjecture is wrong as we demonstrate in
this paper.

Over the last few years, there has been a growing interest in the literature in developing
econometric tools to conduct counterfactual analysis with aggregate data when a “treated”
unit suffers an intervention, such as a policy change, and there is not a clear control
group available. In these situations, the proposed solution is to construct an artificial
counterfactual from a pool of “untreated” peers (“donors pool”). For example, in Hsiao,
Ching, and Wan (2012) the counterfactual for the treated variable of interest is constructed
from a linear combination of observed variables from selected peers given by the conditional
expectation model. In the SC framework, the counterfactual variable is build as a convex
combination of peers where the weights of the combination are estimated from time-series
averages of several variables from the donor pool and is inspired by the matching literature.
Although, the above methods seem similar they differ remarkably in the way the linear
combination of peers is constructed. For instance, in the SC method the weights in the
linear combination of peers are positive and sum to one. On the other hand, Hsiao, Ching,
and Wan (2012) do not impose any restrictions. The SC method is now a key ingredient
in the toolbox of applied researchers interested in policy evaluation; see, for a example,
Athey and Imbens (2016) for a recent review.

More recently, there has been several extensions of the above methods being proposed
in the literature. Ouyang and Peng (2015) extended the PF method by relaxing the
linear conditional expectation assumption and introducing a semi-parametric estimator to
construct the artificial counterfactual. Du and Zhang (2015) and Gao, Long, and Wang
(2015) made improvements on the selection mechanism for the constituents of the donors
pool in the PF method. Fujiki and Hsiao (2015) considered the case of multiple treatments.
Carvalho, Masini, and Medeiros (2016), proposed the ArCo, which is a major extension
of the PF method and considered, as well, the case of high-dimensional data. Finally, the
SC method has been generalized by Xu (2015) and Doudchenko and Imbens (2016). As in
Hsiao, Ching, and Wan (2012) and Carvalho, Masini, and Medeiros (2016), Doudchenko
and Imbens (2016) relax the restrictions on the weights of the SC method and, similarly to
Carvalho, Masini, and Medeiros (2016) advocate the use of shrinkage methods to estimate
the linear combination of peers.

As far as we know this is the first paper to give a full treatment of counterfactual
methods when the data is nonstationary. One key exception is Bai, Li, and Ouyang (2014)
where the authors show, under some assumptions, consistency of the panel approach when
the data are integrated of first order. However, the paper does not provide the asymptotic
distribution of the estimator nor propose a test of hypothesis.



We consider two very distinct scenarios: (i) the cointegrated case, where there is at
least one cointegration relation among the units and; (ii) the spurious case, where no
integration relation exists. We show that in the first case we have a consistent, but not
asymptotically normal estimator for the average intervention effect. The distribution of
the test for the null of no effect is nonstandard even when the distribution of the estimator
for the cointegration vector is mixed normal. This leads to strong over-rejection of the null
hypothesis when the non-stationary nature of the data is ignored. Case (ii) - the spurious
case - is even more troublesome. We demonstrate that the treatment effect estimator
diverges. The lack of cointegration relation makes the construction of the artificial control
using the pre-intervention period invalid, due to harmless effects from spurious regressions
as discussed in Phillips (1986a). As a consequence, the t-statistic for the null of no effect
diverges. The solution is consider the data in first-differences.

A detailed simulation study corroborates our theoretical findings and evaluates the
asymptotic approximation in finite samples. We consider samples as small as 100 observa-
tions. We also study the effects of imposing restrictions on the linear combination of peers
as in the original SC method as well as the use of shrinkage estimators as in Carvalho,
Masini, and Medeiros (2016) and Doudchenko and Imbens (2016). As expected none of
these approaches mitigate the harmful effects of nonstationarity.

The rest of the paper is organized as follows. Section 2 presents the setup considered
while Section 3 delivers the theoretical results except for the asymptotic inference proce-
dure which is presented in 4. The simulation experiment is shown in Section 5. Section 6
concludes the paper. Finally, all proofs and figures are presented in the Appendix.

2 Setup and Estimators

2.1 Basic Setup

Suppose we have n units (countries, states, municipalities, firms, etc) indexed by i =
1,...,n. For each unit and for every time period t = 1,...,7T, we observe a realization of
a variable y;;. We consider a scalar variable just for the sake of simplicity and the results
in the paper can be easily extended to the multivariate case. Furthermore, we assume
that an intervention took place in unit ¢ = 1, and only in unit 1, at time 7 4 1, where
To = [AoT'] and X\ € (0,1).

Let D, be a binary variable flagging the periods after the intervention. As a result, we
can express the observed yy; as

1 0
Y1t = Dt?At) + (1 - Dt)ygt)a

where

D, = .
0 otherwise,

and yﬁ) denotes the outcome when the unit 1 is exposed to the intervention and yﬁ)) is
the potential outcome of unit 1 when it is not exposed to the intervention.

We are ultimately concerned in testing hypothesis on the potential effects of the inter-
vention in the unit of interest (unit 1) for the post-intervention period. In particular, we
consider interventions of the form

gy =65, +49 =T +1...T (1)

where {6;}{_7, 1 is a deterministic sequence.
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The null hypothesis becomes

T
HmAT:Tjﬂ)Z:&:0 (2)
t=To+1

The quantity A in (2) is quite similar to the traditional average treatment effect on
the treated (ATET) vastly discussed in the literature. It is clear that yi?’ is not observed
from t = Ty + 1 onwards. For this reason, we call thereafter the counterfactual, i.e., what
would yy; have been like had there been no intervention (potential outcome).

In order to construct the counterfactual let Yo, = (yar, - - -, Yne) be the collection of all
untreated variables.? Panel based methods, such as the PF and ArCo methodologies, as
well as the SC extensions discussed in Doudchenko and Imbens (2016), construct an arti-
ficial counterfactual by considering the following model in the absence of an intervention:

v = M(yo) + v, t=1,....T, (3)

where M : )y x ® — R measurable mapping index by the 8 € ©.
The main idea is to estimate (3) using just the pre-intervention sample (t = 1,...,Tp),

(0)

since in this case 3}, = y1;. Consequently, the estimated counterfactual is given as:

Yt 'on

’\(0): Y1t ift:la"'vT()v (4)
M(y(]t) ift:T0+1,...’T7

where M\() = M(~8).

N
Let y§0> = (yg), ygz) > denote all the units in the absence of the intervention. Under

stationarity of yﬁ‘” and additional mild assumptions, Hsiao, Ching, and Wan (2012) and

Carvalho, Masini, and Medeiros (2016) show that gt =y — @SO) is an unbiased estimator
for 6;,t =Ty + 1,...,T as the pre-intervention sample size grows to infinity and

- 1 o
A= > o (5)

T—"1T,
t=To+1

is v/T-consistent for A7 and asymptotically normal.

2.2 Non-stationarity

Suppose now that {ygo)} is integrated process of order 1, Z(1), defined on some probability
space (Q, F,P) and assume for notational convenience that:?

© _gq (6)

y" =y tpute, t>1
Yo

2We could also have included lags of the variables and/or exogenous regressors into y,, but again to
keep the argument simple, we have considered just contemporaneous variables; see Carvalho, Masini, and
Medeiros (2016) for more general specifications.

3We assume yéo) = 0 without loss of generality. We could either assume yéo) to be a any constant or
even a random vector with a specific distribution. In that case a constant regressor must appear in both

specification but the results will be unaffected.



where g € R™ is a drift and &; is a zero mean covariance stationary process (Assumption
2) with a Wold Representation given by C(L)v;. L denotes the lag operator, C(L) is a
(n x n) matrix polynomial with C(0) = I,,, and v, is a white noise vector such that

A, ift=s
/AN I I
E(vw)) = { 0, otherwise,

where A is a positive definite symmetric covariance matrix.

3 Theoretical Results

3.1 Notation and Definitions

For any zero mean vector process {v;} define on a common probability space, we define
the following matrices:

1
QO('U) = TILT)O T Z E('Ut'vt),

t=1

T t—j
Q(v) = lim — > ) E(vw), j=12,...

if the limits exist.
Also for any pair (X, \) € [0,1]* with A < X and ¢ = 0,1, ..., we define the following
(n x n) random matrices:

oy

=
I It

Y by
Ao, \, N, v) = Q(v) WW'dr — 9(o, )\,)\’)/ ’I“QWdT/ r’W'dr | Q(v)
A A

A

:)\/

Q(v)?

N|=

B(o,\,\,v) = Q(v)

Y Y
WdAW' — 9(p, A, X)/ TQWdr/ redW
A A

A

+ (N =) [Q1(v) + Qo(v)]

and (n x 1) random vectors:
A/
alo A, X,0) =00 A N0 [ rewar
A

Al
blo. A X,0) = Do A N)RAw)E [ reaw,
A

where
14+ 2p

)\/1+2g _ )\1+2g’

9o, \, \)

and W = W (r),r € [0,1], denotes a standard vector Wiener process on [0, 1]™.
Finally, for any given (random) matrix M € R™ ™ and (random) vector m € R™ we
use the following partition scheme:

1 n—1
1 M, M, 1 my
M_n—1<M01 M(]O and m_n—l my '
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Whenever the vector or matrix has additional arguments, we use the alternative, but
equivalent, notation [M];g = Mg, or [m|; = m; to make the same partition scheme
above without polluting the notation.

All the summations are from period 1 to T" whenever the limits are left unspecified.
We establish the asymptotic properties of the estimator by considering the whole sam-
ple increasing, while the proportion between the pre-intervention to the post-intervention
sample size is constant. For convenience set T, =T — Ty as the number post intervention
periods. Recall that Ty = [A\T'|. Hence, for fixed A\g € (0,1) we have Ty = To(T"). Conse-
quently, To = T5(T'). All the asymptotics are taken as T' — co. We denote convergence in
probability and weak converge by “—+ ” and “= ", respectively.

3.2 Main Assumptions

In order to recover the effects of the intervention we need the following key assumption.
Assumption 1. E(M;|D;) = E(M,), where My = M(y,,)-

Roughly speaking, the assumption above is sufficient for the peers to be unaffected
by intervention on the unit of interest, i.e., the peers are actually untreated*. It is worth
mentioning that since we allow E(y,,|D;) # E(y,,) we might have some sort of selection
on observables and/or non-observables belonging to the treated unit. Of course, selection
on features of the untreated units is ruled out by Assumption 1.

Assumption 2. Let {z;}°, be a sequence of (n X 1) random vectors such that
(a) {z:}32, is zero mean weakly (covariance) stationary;

(b) E|zy|* < oo fori=1,...,n and some 2 < £ < oo;

(¢c) {z¢}2, is mizing with mizing coefficients satisfying either Y °_, am Mt < o or

> gb}n_wg < 00.

Assumption 2 state general conditions under which the multivariate invariance princi-
ple is valid for the process {z;}$2,. Assumption 2(a) limits the heterogeneity in the process
(at least up to the second moment). Assumption 2(b) is just a standard higher moment
existence condition for all the n coordinates of the random vector which guarantees, along
with Assumption 2(c), bounded covariances. Finally, 2(c) restrains the temporal depen-
dence requiring the sequence to be either strong mixing with size _g% or uniform mixing
with size —255—_2.

The following result is well-known and it will be stated here just for the sake of clarity

of the developments in the forthcoming sections.

Proposition 1. Let S; = Z;Zl zj be the partial sum of the sequence {z:}52, of (n x 1)
random vectors. Then, under Assumption 2,

(a) X = limp_,oo T'E(S7S}) exists and is positive definite,
(b) Zp(r) =TS, = ZV2W(r),

where |-] denotes the integer part and W (-) is a vector Wiener process on [0, 1]".

4For a throughout discussion on Assumption 1, including the potential bias resulting from its failure
in the stationary setup refer to Carvalho, Masini, and Medeiros (2016).
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The implied convergence in Proposition 1(a) is a direct consequence of the stationarity
assumption together with the mixing condition as shown by Ibragimov and Linnik (1971).
Finally, Proposition 1(b) is a multivariate generalization of the univariate invariance prin-
ciple (Durlauf and Phillips, 1985).

Let r denotes the rank of C(1). As shown in Engle and Granger (1987), a necessary
condition for y§0) to have r € {1,...,n — 1} cointegration relations is that the rank of
C(1) be n —r, i.e., rank deficient. When r = 0 there is no cointegration and when r = n
the vector ygo) is stationary in levels. Therefore, we consider datasets that are generated,
in the absence of a intervention, either by a cointegrated system of order 1 or that are just

a collection of unrelated Z(1) processes.

3.3 The Cointegrated Case

If we have r cointegration relations, then there exists a (n X r) matrix I' with rank r such
that F’(ygo) —tp) is Z(0), where. Since every linear combination of the columns of I is also
a cointegration vector for yff’). We can define (1,—8;) = I'x for some x # 0 € R" such
that (1, —ﬂg)(yio) —tp) = vy ~ Z(0). Note that even after the normalization of the first
element the resulting linear combination is not the only possible stationary process (unless
r = 1). However, as we will show below, the least squares procedure will give consistent
estimators for the combination that give the stationary process with the smallest variance.

Therefore, the “cointegrated regression” can be written as

W\ =0t + Byl + v, for t>1

where 79 = 111 — Byhto-

Since for the pre-intervention period, t = 1, ..., T, we have the observable y, = yi‘” we
can use the pre-intervention sample to estimate the unknown parameters. We will consider

two distinct specifications for the pre-intervention period: (i) the correct specification with
a time trend included and (ii) the misspecified case with no time trend.

Yie = Yot + BoYor + 1t (7)
Y1t = qp + 7"'{)yot + G (8>

Clearly, ag = 0 and (; = 14 + Yot. Thus, (; is non-stationary unless v9 = 0.
We can apply the results of the Lemma 5 together with the continuous mapping theo-
rem to show the following convergence in distribution:

Lemma 1. Let the process {y,ﬁ")} be defined by (6) have at least one cointegration relation
(0 <r <n). Also assume that {n, = (1, &)’} satisfies Assumption 2. Then, for the least
squares estimator of the parameters appearing in (7)—(8) using only the pre intervention
sample (t =1,...,Ty), as T — oo:

(a) For p =0,

T<B_60>:>P601 o =h
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(b) For jip #0 and n = 2,

o, L. P
—(@-a) 0.
w77

In case of u # 0 for either, specification (7) or n > 2, the least squares estimators
are not defined asymptotically.
P = A(1,0,),n); R= A(0,0,,7n); Q = B(1,0,\,m); V = B(0,0,\o,n) as defined
wn Section 3.1.

W—ﬁ0—>

Remark 1. Whenever there is a drift among the peers and n > 2 we have a multi-
collinearity issue in the least squares estimators, since the drift component dominates the
other terms asymptotically. In case of specification (7), since we are fitting the trend

term tvy, the multicollinearity appears even for n = 2 (only one control). Note that, for
specification (8), if we replace vy by its definition py — Bopo, then, as expected, T 2> z;

Remark 2. In fact the estimators (5) is of little usage whenever we expect to have inte-
grated process with drift. Not only the estimator is not well in large samples, but a simple
fitted trend regressor makes a reasonable counterfactual for the unit of interest. Therefore

we treat for now on only the the case without drift (u = 0).

Similar results to Lemma 1(a) appear in Durlauf and Phillips (1985).

We now consider the estimation for the intervention effect in two specifications de-
scribed above: (i) The true model as in (7); and (ii) a model that would naturally arise
if we choose to ignore (or be unaware of) the non-stationarity in the data. As shown
above, the distribution of the regression estimators is dependent on the presence of a drift
term. As a consequence, the intervention effect estimator is defined, for each specification

j=11,2}, as:

Al ) ~0) _

~/
At if =1
j = T Y1t — Yy, where y’ = { Tt Byo 1] (9)

a+wy, ifj=2
where 7, B, a and 7t are the least squares estimators of the parameters appearing in (7)—(8)
using only pre-intervention sample.

Theorem 1. Under Assumption 1, let the process {y§0>} be defined by (6) have at least one
cointegration relation (0 < r <n). Also assume that {n, = (11, €)'} satisfies Assumption
2. Then, for the estimators defined in (9) as T — oo:

\/T (31 — AT> = "L/C7
ﬁ (32 — AT> = p,d,
where the (n x 1) random vectors above are defined as:

_ [b<07 )‘07 177’) - %b(laoa )\0,"7)}1
=clho) = ([ (0. 30, L) — 290 (1,0, Ao, )]

(b0, M, 1) — B(0,0, 0. )],
d:d““‘([mAmL%—awoxmﬂ)’

with a(-,-,-,+), b(-,-,+,-) defined in Section 3.1, h = (1, ~h )’, p=(1,-p'), with h and
p as defined in Lemma 1.

Therefore, both estimators above are /T-consistent for A, however with a non-standard
limiting distribution. Even though the results above rule out common inference proce-
dures, in Section 4 we investigate the results of using a conventional ¢-statistic.
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3.4 The Spurious Case

We now turn to the case where no cointegration relation exists among vy, prior to the
intervention, hence C(1) is full rank. We consider for the pre-intervention period the
same specification, (7) and (8), that were used in the cointegrated case. However, since
the “true parameters” no longer exist®, we cannot express least-squares estimators as
differences from their “true parameters”. Hence we have the following result:

Lemma 2. Let the process {yEO)} be defined by (6) have no cointegration relation (r = 0).
Also assume that {e;} satisfies Assumption 2. Then, for the least squares estimator of the
parameters appearing in (7)—(8), as T — oo:

(a) For u =0
B:>P501P01E}7
VT3 = f'a(1,0,X,€), where f = (1, —}/)’
7/1\' = RaolR()l = g,

1 , ~
—a = g'a(0,0, )\, ), whereg=(1,-g")
N ( 0,€) g=(-g)
(b) For uy #0 and n = 2,

1
T2 ﬂ; —a 0.
Ho T
In case of p # 0 for either, specification (7) or n > 2, the least squares estimators
are not defined asymptotically.

The random matrices P, R are defined in Lemma 1 but with m replaced by € and with
a(-,---), b(-,-, -, ) defined in Section 3.1.

The limiting distribution of 7 and a are well known from the spurious regression case
discussed in Phillips (1986a). For 3 and 7, the result is analogous but with a different
limiting distribution. In both cases, when r = 0 and consequently y, does not cointegrate,
we have a spurious regression and both [Ai and 7 converges, as T — 00, not to a constant
but to a functional of a multivariate Brownian motion. While & diverges, 4 converges to
zero (which is the value of the parameter vy when p = 0).

Once again we consider the scenario where the researcher conduct the estimation using
the estimators defined in (9) with y, in levels.

Theorem 2. Under Assumption 1, let the process {ygo)} be defined by (6) have no cointe-
gration relation (r = 0). Also assume {&,} satisfies Assumption 2. Then for the estimators
defined in (9), as T — oo:
1
VT
1 /-
— (A, — A) - g'l,
\/T ( 2 g

where the (n x 1) random vectors above are defined as:

14+ Ao

(ﬁl - A) = fle,

e=-e(N) =a(0,)\,1,e) — a(l1,0, ), &),
l= l()\ﬂ) = CL(O, )‘07 17 8) - CL(O, 07 )\078)7
with a(-,-,-,-), b(-,-,-,-) defined in Section 3.1; Also f and g as defined in Lemma 2.

°In the sense that no (linear) combination of the units result in a stationary process.
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From the theorem above, it is clear that, unlike in the cointegrated case, Aj diverges
as T — oo for both specifications. As for the cointegration case we investigate the limiting
distribution of a conventional t-statistic in following section.

4 Inference

Given the asymptotic results from the last section we would like to further investigate
the consequences of conducting usual inference. In particular, we investigate the limiting
distribution of a conventional ¢-statistic such as

= ——, j={12}, (10)

A~ o~

V(4;)

where the denominator is supposed to be a an estimator for the standard deviation of
A;. For that, define the centred residuals for the post intervention regression period,
t=1Ty+1,...,T, as

~ o~ ~/ >

Vie=yu — V7t — By — A1

~ -~ ~/ N

Uat = Y1t — O — T Yy — Ao

Then, for each j = 1,2, we have the following covariance estimators for pi = E(14v4s),
where k ={-T+ Ty +1,..., T — Ty — 1}:

1 T—k o~ o~ .
2] T =Ty VitV 1tk >0,
Jk T _1 5.0, :
T—T, Zt:TO—H VitVji—r itk <O0.

Therefore, for some choice of a kernel function ¢(-) and bandwidth Jr such that Jr — oo
as T — oo, we have

57 =5;(Jr) = > _ &(k/Jr)p. (11)

|k|<T

Finally, our estimator for the variance of ﬁj becomes
L 2

V(A !

( ]) T . TO

U

4.1 Inference on the Cointegrated case

Consider now the following stronger version of Assumption 2.
Assumption 3. Let {z:}:°, be a sequence of random vectors (n x 1) such that

(a) {z}:2, is zero-mean fourth-order stationary process;

(b) E|z1]* < 0o and some & > 1;

(c) {z:}52, is strong mizing with the mizing coefficients such that °_, m2am /¢ < oo.

Clearly, Assumption 3 implies Assumption 2. The fourth-order stationarity require-
ment on {v,} translates into weak stationarity of {wt(k) = vy} for any k € Z. Assump-
tions 3(a)-(c) are sufficient for Assumption A of Andrews (1991) which translate in the

)

summability of the covariances of w§ , 1.e.

T—|k|

lim 77V VU < 0.
Jim DD ik

|k|<T t=1

10



Thus, we have a weak law of large number by Chebyshev’s Inequality applied for each £
which is result (a) in the following lemma.

Lemma 3. If the sequence {1} satisfies Assumption 3, then for each j € {1,2},
(a) D% == P}, Vk.

If in addition, [*_|¢(z)|dz < 0o and JZ/T — 0 as T — oo, then

(b) |77\12'T - Z\k\<T P%| — 0.

Lemma 3(b) follows from arguments similar to Newey and West (1987) and Andrews
(1991).

Theorem 3. Under the same conditions of Theorem 1, but with Assumption 2 replaced
by 3:

(a) Under the null Ho: Ap =0,
V1= D)o,

= ————h'c
w
v1—=2A
=~ Cp'd
W

(b) Under the alternative, Hy : Ap =& # 0, both estimators (7 = 1,2) diverge as

1 5
—=7 2 V1= Ao

VT

where the (n x 1) vectors above are defined in Theorem 1 and w* = ;.

Remark 3. Under Ho we have a v/T-consistent estimator for the intervention average
effect Ar albeit with a non-standard asymptotic distribution. In fact, by the presence of
the second term we can conclude that we systematically over reject asymptotically.

Remark 4. The t-test is also asymptotically consistent as the test statistic diverges under
the alternative. Recall that our null hypothesis was defined in (2), hence the natural al-
ternative would be Ar # 0, but since Ar could potentially approach zero arbitrally fast as
T grows, we restrict the A to be a non-zero constant. We get similar results by allowing
a more flexible intervention profile as long as it does not approach zero faster than T—1/2,
for instance, by imposing that {0,} is such that VT Ay — co.

4.2 Inference on the Spurious case

Since hypothesis testing is not carried directly on Ej, it is useful to derive an expression for
the limiting distribution of a common ¢-stat such as the one considered in the cointegrated
case. First we need the following result

Lemma 4. Consider the same conditions of Theorem 2, but with Assumption 2 replaced
by 3. Then, under both Hy or Hy, as T — oo:

((L) plk = _.f L.f7 Vk € Z;
() 17 = - g'Hg, ke

11



If in addition, [*°_|¢(x)|dz < oo and JE/T — 0 as T — oo, then

(C) Jr TalT 1i¢;\()f/Lf;

(d) JTLT(/T\gT 1%\09/1‘19,

forzj € {1,2}, where H = A(0, )\, 1,¢€), L = 1{—2qs’+§()\o)ss’, q= %a(l, Ao, 1,€)—
%a(o, Mo, 1,€), s = a(1,0, N, €); s(A) = =25 — A(IZA), Cp = ffooo é(x)dz; f and g are

12
defined in Lemma 2, and a(-,-,-,-), and A(-,-,-,-) defined in Section 3.1.

Notice that the limiting distribution in (a) and (b) above is independent of k. In fact,
it is the same distribution derived in Lemma 1 when we consider £ = 0. It follows from
the fact that the additional term S, v, ¢ | €/ is Op(T). Result (b) for k = 0 is similar
to the one appering in Phillips (1986a). It turns out it is valid for all fixed & and also
for specification (7) albeit with a different limiting distribution. Using a HAC covariance
estimator as proposed by Newey and West (1987) and Andrews (1991), we have an even
weaker convergence rate as it goes from T~ to (JrT)™" as stated in Lemma 6(c)-(d).

Now combining Theorem 2 with Lemma 4 together with the continuous mapping the-
orem we have the following result.

Theorem 4. Consider the same conditions of Theorem 2, but with Assumption 2 replaced
by 3. Then, under both Ho : Ap =0 and H1 = # 0.

JT 1—)\0 fe

NN

T

Jr 1—X 4g'l
— T2 )
Ve Vg'Hg

where the (n x 1) random vectors f,g, e, and l are defined in Theorem 2; and the (n x n)
random matrices L, H and the constant c, are defined in Lemma 4.

Remark 5. When conducting a t-test one draws inference on the premises that 7; =
N(0,1) under Ho. However, as Theorem 4 shows, 7; actually diverges under the assump-
tion that Jp = o(T"?). Therefore, ignoring the non-stationarity of the data we end up
rejecting the null hypothesis too often. In fact, as the sample size increases, the probability
of rejection the null approaches 1 regardless of the existence of the treatment.

Remark 6. Notice that the result above is not dependent on the choice of the variance
estimator bandwidth. If we use simple variance estimator such as 0;r = pjo (for the case
of iid data), we still have T; = Op(VWT). In fact, in this particular case, the t-test diverges
in a even faster rate.

In summary, for the spurious case, we end up rejecting the H, regardless of the existence
of an intervention effect when panel based methods for counterfactual analysis are applied
in levels. The result is similar in spirit of the one found by Phillips (1986a). However,
in the spurious regression case we are usually interested in the t-stat related to the
coefficients of the regression. In the present case, the interest lies in average of the error
of the predicted model A;.

12



4.3 First-Difference

A simple alternative approach would be to work with the first difference z, =y, — y,_4,
and have, by definition, a stationary dataset either in the cointegrated case or in the
spurious one. Hence:

ZEO) =M+ &

The difference would be that for the cointegrated case the covariance matrix of I' = V(g&;)
is rank deficient (n — r) and for the spurious case is full rank since r = 0. Nevertheless,
we can apply the panel-based methodologies for stationary process unaltered. The pre
intervention model becomes

th:>\0+0620t+wt t:27...,T0

where 8y = Ty To1 and \g = 1 — B3'pty. For the post -intervention period t = Ty +2,... T,
-~ ~/

we can take the average of the z;; = A\+80 z(; as the estimator for E(z1) = p} and construct

the following estimator for the difference in the drifts Ay = py — pj

T

—~ 1 o

Ap E 2y —A—0 zOt)
T o TO B t=To+2

From Theorem 1 of Carvalho, Masini, and Medeiros (2016) for the particular case of a
linear specification we have

(5-2)

Gr [Mo(1 = Xg)] 12

= N(0,1),

where % is a consistent estimator for 0% = limp_, T'V(Y,_; w;), defined in (11) for
the post intervention residuals.

Remark 7. The approach above also give us /T -consistent estimator for the difference
in drifts. However, in contrast to the cointegrated estimator, it is asymptotically normal
hence more practical for conducting inference.

Remark 8. The limiting distribution in first difference is independent of both the prior
knowledge of the true values of p and the true hypothesis (Hy or Hy).

Remark 9. Working in first difference we avoid a true spurious regression since if the
integrated process is truly uncorrelated we will end up having @ ~ O for the pre-intervention
period.

5 Simulations

In order to evaluate the asymptotic approximation in finite samples as well as to evidence
the harmful effects of neglecting non-stationarity when conducting counterfactual infer-
ence, we simulate two different scenarios. In the first one, the treated unit and the peers
are cointegrated while in the second case the data are formed by a set of independent
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random walks. In this later case, the counterfactual is spurious. In both cases we eval-
uate the distribution of the estimator for the average intervention effect as well as the
t-statistics under the null hypothesis of no intervention at Ty = 7'/2. We consider 7' = 100
and 1,000, and n = 5. The number of Monte Carlo simulations is set to 2,000. For each
scenario and different sample sizes, we report the finite sample distributions of A; as in
(9) and 7; as in (10) for j = 1,2, in comparison to the asymptotic distributions as well
as the rejection frequencies, at different significance levels, of the null hypothesis of no
intervention effects when nonstationarity is neglected and the test is carried out under
standard normal approximation for the ¢-statistic.

As a complement we also report the empirical rejection rates for the t-test of no inter-
vention effect when the parameters are estimated either by restricted least squares or by
the Least Absolute Shrinkage and Selection Operator (LASSO) of Tibshirani (1996). In
the first approach the parameters of the linear combination are restricted to be positive
and sum one as in the original SC method, while the LASSO approach was advocated by
Carvalho, Masini, and Medeiros (2016) and Doudchenko and Imbens (2016). We report
only the case where the linear trend is not included in the regression function.

5.1 Cointegration

The data generating process (DGP) is defined as

Y = Z Yit + U, (12)
i=2
where
Yit = Yit—1 T Cit, (13)
vio=0,7=2,...,n, and {u;}_, and {e;}L, are sequences of independent and normally

distributed zero-mean random variables with unit variance. Furthermore, E(use;s) = 0
and E(ejejs) =0forallt=1,..., T, s=1,...,T,i=1,...,n,j=1,...,n, and t # s.

The simulation results are shown in Figures 1-4. Figure 1 shows the empirical versus
the theoretical distributions of the scaled coefficients estimates as in Lemma 1. The
distribution of Aj, j = 1,2, is presented in Figure 2 and is compared to the asymptotic
results of Theorem 1. The empirical distribution of the t¢-statistic (10) is presented in
Figure 3 and is as well compared to the asymptotic approximation as in Theorem 3.
Finally, Figure 4 compares the size distortions when the normal approximation is used,
neglecting nonstationarity, with the case when the correct asymptotic critical values are
used.

Two conclusions emerge from the results. First, the simulation corroborates de asymp-
totic approximation even in small samples. Second, it is clear that neglecting cointegration
introduces strong over-rejection of the null hypothesis, leading the researcher to find spu-
rious intervention effects.

Finally, it is clear from Figure 5 that restricting the coefficients does not mitigate the
over-rejections is nonstationarity is not taken carefully into account.

5.2 Spurious Counterfactual

In this case the DGP is a vector of independent random walks as follows:
Yit = Yit—1 + €it, (14)
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where y;0 = 0 and {eit}thl is a sequence of independent and normally distributed zero-mean
random variables with unit variance and E(eye;s) =0 forallt =1,...,7, s =1,...,T,
1=1,....,n,5=1,...,n,and t # s.

The simulation results for the spurious case are depicted in Figures 6-9. Figure 6
presents the empirical versus the theoretical distributions of the coefficients estimates
as in Lemma 2. The distribution of the average intervention effects, A;, 7 = 1,2, is
presented in Figure 7 and is confronted to the asymptotic results of Theorem 2. The
empirical distribution of the ¢-statistic (10) is presented in Figure 8 and is compared to the
asymptotic approximation as in Theorem 4. Finally, Figure 9 compares the size distortions
of the scaled t-test when the normal approximation is used, neglecting nonstationarity,
with the case when the correct asymptotic critical values are used. Note that this is not a
valid test as the t-stat, without normalization, diverges. The size distortions are presented
just for illustrative purposes.

It is clear from the figures that the finite sample distribution can be well approximated
by the asymptotic counterpart. Furthermore, the distribution of the scaled t-stat is highly
bimodal. Finally, conducting inference in the spurious case is extremely misleading even
when restricted estimators are considered as displayed in Figure 10.

6 Conclusions

In this paper we considered the asymptotic properties of popular counterfactual estima-
tors when the data are of nonstationary. More specifically, our econometric framework
encapsulates the panel based methods of Hsiao, Ching, and Wan (2012), the artificial
counterfactual approach of Carvalho, Masini, and Medeiros (2016) and the synthetic con-
trol and its extensions Abadie and Gardeazabal (2003); Abadie, Diamond, and Hainmueller
(2010); Doudchenko and Imbens (2016).

Two cases are considered. In the first case there is at least one cointegration relation in
the data while in the second one the data are formed by a set of independent random walks.
The results in the paper either show that the estimators diverge or have non-standard
asymptotic distributions. We show a strong over-rejection of the null hypothesis of the
null of no intervention effect when the non-stationary nature of the data is ignored. Out
theoretical results are corroborated by a simulation experiment. The main prescription
of the paper is that practitioners should work in first-differences when the data are non-
stationary.
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Techincal Appendix
In what follows use the auxiliary process {u;} defined as

U =u+1, t>1

’U,():O.

For (A, X) € [0,1]? with A < X, we denote the summation > Ti<i<r, DY 2o Where
T\ = |A\T| and we adopt the following notation for o = 0,1,...:

-1

(o) = fw—tu(o)],  wle)= (D ] D tu. (15)

(AN] (A N] (AN] (A N]

Notice that @(0) is a simple average. Hence, %,(0) is the deviation from the mean.

First we state and prove in the Lemma below several convergence results that will be
applied the the subsequent proofs. Some of these results have been shown elsewhere; see
for instance Durlauf and Phillips (1985) and Phillips (1986a,b).

Lemma 5. Let the sequence {u;}1_, be defined as above. If the process {m,} satisfies
Assumption 2, then as T — oo:

(a) ﬁ (/\Z;/] t@nt = 91/2 f/\)\’ redW

(b) T3/2+9 Z lf@’u, = Ql/2f Tng?"
(AN]

(c) % 5 uml; = Q[ WaW | Q2 + (X = N9, >0
(AN

(d) L 3w, = QY [f WW’dr} Q2 kel
(V]

(e) T Va0, )\, N) = (5rmmilerss) Q72 [} r¢Wdr = a(o, A, X, m)
(1) T 120(0, A X) = (s reas) QU2 [ 12AW = b(0, A, X, m)

(8) 7 AZ;/} w(0)in(0) = Q' [ Y WWdr — (g2 [ rewar [ Tgw,dr] QL2 =
Ao, \, N, n)
(h) 7 5, o = Q| [N WAW' — (5o [} rewdr [ reaw | @124 (v -
A)(Ql] + Qo) = B(o, A, N, ).
Also, if we include a drift such that vy = put +w, t > 1, then:

(i) T°'0(0,0,1) = 225 p

2
(1) = S wn0bile) 5 (53)
(k) 7 S olo)inle) = nfy |r— (%5) re| aw'!/?
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Finally, if we include a linear tendency in process {n,} such that & = n, + ~t, then:
(1) T '€(0) == 2y
1 T . ; ;1 P 1 (-1 2 /
(m) 7521 0(0)8:(0) — 3 (m) Y,
where Q@ = Q(n) and ; = Q;(n).

Proof. Let Up(r) = \/LT Zttr? 1, with sample path on the Skorohod space D[0, 1]. Then,
as a consequence of Proposition 1, Ur = QY?W.

For (a) write \/Lfnt =Ur (L) -Ur (&) = tél dUr(r), then:

t 4 % LT’TJ ¢ 1/2 N
0 Y
T1/2+g Zt n, = Z} <T) /t; dUr(r) = /TTA ( T ) dUr = /A r¢dW,

(AN] (AN

where the convergence in distribution follows from Theorem 2.2 of Kurtz and Protter

(1991).

For (b), note that w;_; = VIUr (5 <r < L). Consequently, w;_, = T°/2 fti U (r)dr.
Then, T
TTJ
T3/2+Q Z tou, = T3/2 Z Ut 1 +’l7t Z - UT( )d?“ +0P( )

(W] (AN] (A, x}

- / (“?)Qvﬂmdmo]a(n

)\/
:>91/2/ reW (r)dr.
A

For (c), define U (r) = (%)1/2 Zyi’; 7, for any positive integer j. Hence:

S e, = ZUT( )/ AU (r / U () AU ().

(A N] (A N]

Let 3, = limp_o T'E (Zthl n, Zthl n;ﬂ.). It is straightforward to show that

U’ <2 [U° = 2 Yo X
- ] i 2]

Note that g = €.

Therefore, it is possible to apply a generalization of Theorem 2.2 of Kurtz and Protter
(1991). See, for instance, Theorem 30.13 in Davidson (1994) or Hansen (1992) for the case
of j = 1. Consequently,

)\l
WAW | QY2 + (N —\)Q;.

Ty
/ LU dU(r) = Q1
TT)\ A

Also the stochastic integral above for the case of j = 1 is the same one appearing in
Phillips (1986b).
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For (d), we start by considering k = 0:
wety = (Wt + 1) (w1 + 1) = Wy + weamy + w10

Summing over and rearranging we are left with

T T
1 1
7 > (wam, + myuy_y +nymp) = 7 > (woup — wguy )
t=1 t=1
1 !
=7 (urwy — uguy)

= QYW (L)W (1)QY2

Therefore, T2 Zthl (weam; + myui_y +nm;) = op(1).
Finally,

1
— Z wu, = Z wrtty  + o > () nyi g+ )
(W] (AN] (AN]

)\/
T

=/ U(r)U % (r)dr + op(1)
91/2/ W (r)W (r)drQ"/?.

For k € Z we have that u;, = u; + sgn(k) Z'ﬂl 1,4, Then,

||

— Z utut+k Z utut + sgn(k T2 Z (n Zntﬂ

(AWN] (N] ] =1

We have show in (c) that Zt LW, = Op(1) for every i € {1,...,|k|}. Thus, we have
the desired result as the second term is a finite sum of op(1) terms.
To prove (e) and (f) we use the following result from power series

Zt’“ T’““ +o(T*Y), k=0,1,2.
to show that
Tit2e 1420 R 1+20
20 1+2¢ n+20 _ \14+20°
S ()T ) ey M
Then, for (e):
T1+29
172,
T 20, A, N) = S T3/2+QZtut
%0 (AN]

1 + 2@ 1/2 N
= (—/\/1+2g — )\1+2Q> Q A reWdr,
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and for (f):

T (g A N) = | s >t
) Z 120 T1/2+g t
] (AN]

1+ 20 e [
= (—/\’1+29 — )\1+20> Q i redWw

To show (g), we omit the (9, A\, \') argument in what follows:

il Z W, = Z (uy — tou) (u; — tou)’

(AN] (AN]
1
= 7 Z wu) — Z tuw’ — u Z t%u; + Z t*uu’
[ (AN (AN] (AN] (AN]
1 / 20 — =/
= T2 Z U, — Z t uu
[ (AN (AN]

1 Z(A N £ —1/2- —1/2-\’
= ﬁ Z UUs — —T2’Q+1 (TQ / u) (TQ / 'U,)

(AN

| [ ww 1+ 20 Cewar [ ewrar| Qe
= R r— m R r r R r r
To prove (h), we first use the result (c¢) to show that
Ty — Ty
Z (T Z 1My + T T — Z 7,7,
(AN] (A,/\’] A oY
)\/
= QY2 [ W(r)dW' (r)QY? + (N = \)(Q + Q).
A
Finally, we have:
1 1 0
T w(o)n, = T Z u,m; — u Z tom;
(AN] | (AN] (V]
1 VN
=7 Zutnt Zt29 u(0)n (o)
| (AN] (V]
1 ZO\J\' 13 _1/9_ _ /
=T 2 (T—] (T2 2u(g)) (T2 ()
(AN
by by by
1+2p
1/2 r 1/2
=Q A Wdaw (XHQ@ — /\1“9)/A 7‘9Wd7‘/A redw| Q

+ (N =) (o + Q1).
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Now for (i), take v(p) = v(p,0,1) then:

T -
T '%(0) = puT" (Z t29> > et 1o ()

t=1 t=1

T20+1\ ~1 ot2 1
= pTe! T2 1

_ 20+1

012 p+op(1).

For (j), first note that

T

T
1 1 1
7 D v =g > (it ) (it +w) = ' > 4+ op(1)
t=1 t=1 t=1
T(T 4 1)(2T + 1 1
= pp’ ( ) ) 4 op(1) = zpp’ +op(1),

673 3

then taking from (f) we can write:

1 7 T 420
1732'015(@)’015 Q T3 Z'Ut’l)t <7f2—gl+1> (TQ 15 )(TQ 1~ )
t=1

1, 1 (2g+1

R T R P

_ (Q - 1)2 /
= —3<Q+ 2>2HM +op(1).

)ZMM'JFOP(U

To prove (k) first we show that

T T T T 1
Y um = Y (W ptn = 7 Y wm, + pEs Y tn = p / rdW'Q'?,
t=1 t=1 t=1 t=1

0

then we can use the latter result combined with result (f) and (i) to conclude that:
T T

2> vl0)n0) = 7 Y vile)m; =
t=1 t=1 —

1 1
1/2 20+1 20+1 1/2
= /0 W' - (51 (2 u) ( ot /0 redWw'Q >
1
Sy / = (25) re| awra 2
0

For (1), we expand as in the proof (i) to obtain:

S

T 20 o B
v, — SELE (T () (T 27 (o))

o~

To- 16( ) ~T?™ 1 (Zt29> ZtQJrl_i_TgflT—’(Q)

t=1 t=1

-1
= 1o (e ) I 4 s (10 Pa(e) + o)

= 20ty 4 op(1).
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Finally, for (m) we have using the result (i) and (1):

T
£ 0(0)d(0) = (EHE) py' — (B) (17 19(0)) (T 1(0)) + 0p(1)
=307 — 5y +op(1)

2
=1(53) ' +or()

Proof of Lemma 1

Proof. Using notation (15) we can express the least-squares estimator as the difference to
the true parameter value as:

B — By = Z Yor(1) Yo, (1) Z Yor (1) (1

(07>\0] O /\0

F—0=u1) - (B-8,) )

T =B, = Z Yot (0)¥(0)’ ZyOt Ct

(0,20] (0,M0]
a— o :QT(O) - (77—:30) Yo(0).

For the case of g = 0 (no drift), consequently vy = 0, we have (; = v; and we can apply
the limiting distributions in Lemma 5 together with the continuous mapping theorem to
conclude:

-1

T (B - Bo) = |72 Z Yor(1) Yo, (1) Z Yo (Din(1)| = P Qq = h,

(0,20] (0,0]

T3/2 (3 — o) = T20(1) = T (B~ 8y) VTa(1) = [b(1,0, %0, m)]; — B [a(1,0, 0, )],

-1

T (7 —By) = Z Y0,(0) Y0, (0) Z Y0:(0)G:(0)| = Ry Vou =,
(0,20] (0,A0]

VT (@ = 00) = VIE0) = T (& = B)) Z=5(0) = (0.0, 0. )}, ~ B'[a0.0. 0. m).
For g # 0 note that both T3 ST Yo, (1), (1) and T3 ST 90,(0),(0) converge
to singular matrices according to Lemma 5(m). Hence, unless Yo: 1s a scalar the OLS
estimators are not well defined asymptotically. Moreover, for the first specfication even
for the scalar case the OLS estimator is not defined since if we set ¢ = 1 we get that
T3 ST Yo (DUee(1) -2 0. For the case of unique regressor in the second specification

we are left with:
-1

1 . : N AN
§ = 0)6,(0)] 2 (20 =20
0 yOt yot Tg’ ?JOt( )Ct( ) (1 12 NO’
OAO (O’AO]
]- -~ TO = -~ /1— p VO VOMO
- (@—a) T{Tocm (= ) )] 20| - 2k
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Proof of Theorem 1

Proof. For the post intervention period t =Ty + 1,...,T we can write:
~ R —~/ . ~ /
o= =yu—t—BYy— =11 —F =)t - <B—60> Yor
Oy — 0y = Y1 — O — 7/‘\'/?/0,5 6=y —a—(7T— 50)/y0t~

Therefore for the first specification:

(518 5 o)
T+Ty+1

2T
14+ X

To(0, 0,1) — 1925 = 30) =T (B = B5) —=80(0.30.1

= [6(0, 0, 1) = =2 (161, 0, 20, m)], — B a(1,0, 00, m)},)

— R a0, ), 1,1)]o = Ke.

Similarly, for the second specification:

VT (A, - ):-Z(agt—(st)

=Ty

To(0, M, 1) — V(@ — ag) — T (7 — By) —=50(0, X, 1)

=
= [b(0, Ao, 1,m)]1 — ([b(0,0, Ao, )], — P [a(0,0, X0, 7)],)
- ﬁ/[a’(()? )‘07 17 T')]O = p/d'

Proof of Lemma 2

Proof. Using notation (15) we can express the least-squares estimator for the spurious case
as:

Z Yor(1) Yo, (1 Z Yo (1)7:(1
(0,A0] (0 AO]
= g /8 yO (17
= Z Y0r(0)Y, (0 Z Yot (0)91:(0
(0,20] (0 /\o]
~/ —
-7 yO (17

For the case of u = 0 (no drift) we can apply the limiting distributions in Lemma 5
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together with the continuous mapping theorem to conclude:

1 -1
B _ZyOt )Y (1 T2 Zym )91:(1) | = Py P01—f:
(0,X0] (0,0]
ﬁ:)/\ = ( )\/_y( ) ( )CL 1 0 >\07 f a’(1707 )\075)7
T = Z Yor(0) Y0, (0 Z Y0:(0)91:(0) | = Rgy Ror =g,
L (070 (0,0]
[P D / /
—a=(1,-7)—y a(0,0, \g, €) a(0,0, )\, €).
JT ( )\/T (0) = ( -9) 0 =ga( 0, €)

For the case of u = 0, as shown in the proof of Lemma 1, the estimators are not well
defined except for the no trend specification with only one regressor, in the case:

-1

2\ —1
T = T3 Z 90:(0)90:(0)’ Z Jo0t(0)31:(0) | — (%) Hi)/;l = %,
0)\0 0>\0]
1 . T 1
70 = (L =)z 5(0) =5 (1, —ul/mg 0.
m
Proof of Theorem 2
Proof. For the post intervention period t =Ty + 1,...,T we have:
-~ e ~/ ~ -~/
01 — 0 = Y1t =Vt — B Yo — _y§t)_7t_ﬂy0t
521?_515:ylt_a_?r/yOt_ét_ygt)_a_ﬂ-yOt
Therefore, for the first Speciﬁcation:
1 <A
—=(Ai-a)=— ((ht o)
1 T+Ty+1 o~ 1
= ﬁyl(O, Ao, 1) — Q—;ﬁﬁ’ - B ﬁyO(O’ Ao, 1)
~r 1 _ T+Ty+ 1 o
=(1,-8)—=y(0,\g,1) = ——VT
(7ﬁ)ﬁy(707) 2T \/_’Y
= f'a(0, X\, 1,€) — ‘a(1,0, N, €) = f'e.
Similarly, for the second specification:
1 /=~ 1 —~
(A, - A) - (5 - 5)
\/T ( 2 \/TTQ t>ZT 2t t
0
1‘(0/\ 1) L5 A’lf(O/\ )
= = ) ) - @ —T ) )
\/Tyl 0 ﬁ ﬁyo 0
1 1
= (1,—7")—=17(0, \o, —a
= g'a(0, )\, 1,€) — g'a(0,0, )y, ) = g'l.
m
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Proof of Lemma 3

Proof. For the post intervention period t =Ty +1,...,T":

T+1Ty+1

ﬁltzl)t—@—%)(t_ 9

Uy = 1y — (T — By) Yo, + or.

) (B~ By) i+ b

Since either under H, or H,, & = 0, we have for k = {0,1,..., T —1}

~ ~

/V\lt/y\lt-i-k = Dtl)t-i-k - Vt(/6 - IBO)/yot+k - (ﬁ - BO)lyOtl)t-i‘k + (,3 - Bﬂ)lyoty6t+k(16 - /60)

Vot Votik = Vil — DT — Bo) Yorer — (T — Bo) YouPerr + (T — Bo) Yor¥oesr (T — Bo).

Both (B - ﬁ(]) and (7w — B,) are Op(7) by Lemma 1. Also, Y ¥y¥o,, = Op(T?) and
> Yor = Op(T) all as a consequence of Lemma 5. Thus for j € {1,2}, we have:

T—k T—k T—k
E VjtVjttl = E iy + Op(1) = E Vi + Op(1),
t=Tpo+1 t=Tph+1 t=Tp+1

where the last equality involves no more than some algebraic manipulation using the
definition of 7y and ¥ and neglecting the op(1) terms. Therefore, by the Law Large
Numbers, which is ensured under Assumption 3,

T—k
1
Pik = T E Vilisr — B (nvigr) = o, Yk,
t=Tp+1

For part (b), the result follows from an argument parallel to one presented in Andrews
(1991). Let 02 be the pseudo-estimator analogous to the estimator 27\]2 but with sequence
v replaced by the unobservable sequence {v;} and let o = D k<t pz. Hence by the
triangle inequality we have

|3j2- —o? < \8? — 32|+ |62 — .

Under Assumption A of Andrews (1991), which is implied by Assumption 3, the second
term is op(1). Assumption B of Andrews (1991), which ensures the first term to be op(1)
is not fulfilled directly by specification (7) due to the trend regressor. However, what is

really necessary for the result is to bound the mean value expansion of the first term,
which in our case, is simply given by

\/T ~9  ~9 1 k1 88(:)/76) ~ 88(:}/,6) 2
=7 /{(jt)ﬂ Z 8—7(7_%)"'8—[3/
Ik|<T t>To+|k|

Since by Lemma 7 — 4y = Op(T~%/2), a sufficient condition to bound the first term

19v
Oy

requirement are the same that appears in Theorem 1 of Andrews (1991) and is fulfilled by
most of the kernel functions used in the literature.

2
< 00, which is clearly satisfied by our specification. The final

becomes sup;; E HT‘

]
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Proof of Theorem 3

Proof. We can decompose the t-statistic as:

A, (A —Ap) A T T(A, — A ToA
e R e R e P
J J J

Under Hy the second term is zero and the first term converges in distribution by
the Slutsky Theorem since the numerator of the term between parentheses converges
in distribution according to Theorem 1, and the denominator converges in probability
according to the Lemma 3, hence

vV1—2>Xo

n=——Hhe,
w
v1—=A
Ty = —Op/d,
w

whereas, under #; the second term diverges at rate /T since

1 T , 5
— 7=/ 2= 51— A—.
\/TT] T g; AOW

Proof of Lemma 4

Proof. Let 0, = (1, B/)’ and 6, = (1,7")’, then we can write the post intervention centered
residuals for the first specification as:

o~ o~ -~/ >
Vi =y —t7 — BYg — Ay

(Z) CR2 DR (P HCE

T+Ty+1 .
B (- B

o - T+Ty+1\ -

—(L—ﬂ)yio)—v(t—To) + 6,
o - T+Ty+1\ -
s (LB

where ©w = (0, A\, 1). Similarly for the specification 2:

~

~ ~
V2t:y1t—04—7"y()t_A2

<y1t - Z ylt> —a (yOt Z y0t> (516 - Z 5t>
251 t>To 2 >Tp

= Z)gg) - ?rlyOt + 5t

= (1 _A)'!.Jgo) + 51&
02yt + 515

Note that yﬁ)k = yﬁ") + Zle €rys, for t > Ty and k > 0 and under Ho or Hi, & = 0,
thus:
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k
~/
Vitrk = V1t + 91 E Eri — VK,

=1

Ugiik = Vop + 9 E Et+tis

=1

Therefore, for j € {1,2}:

1, 1, T ~ o~

where

My, = (% 2 ytzsg—l—i) - (VTy)

5/2
t=Tp+1 =1 T / t=Tp+ =1
T—k T—k
1 . § 1 T+T5+1 y y
—’f(m 2 w) (VTg) +k | = (— 5 ) (VTy)(VTg)
t=Tp+1 t=Tp+1

1 T
(> )
t=T—k+1
T—k 1 T
o= (X wde) - (3 X i)
t=Tp+1 =1 t=T—k+1

Hence, to show that —,0]0 and T ka for j = {1, 2}, share the same limiting distribution
for any k is sufficient to show that 2 #0350 converges in distribution and that M, = op(1), VE,

since Ej are shown to be Op(1). For the first case:

Tplo TT Z Vlt

t>Ty
T+Tp+1 _ T+Ty+1)\°
XTI L (R C AR SRR

t>Th t>To t>Th
g Cal |l o ry : ~ 1 T+Ty+1)\° ~\2
Il (T— S )08 (s om0/ 53 (- R o
t>To t>To t>To

We have from Lemmas 2 and 5 that:

VTA = f'a(1,0,M,€) = f's

1 : : 11—\ B
T5/2 Z ty, = a(l, Ao, 1,€) — a(0, ), 1,6) =q
t>To
T + Ty + 1 1= Ao(1—
t>To

Then, by the continuous mapping theorem

1_. 1
fP%O :>1_—)\Of/ [H —2gs" +¢(\)ss] f.
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Similarly, for the second specification we have:

1 . 1 R
Tﬂ%o = TT, Dyt
t>Tp
/\/
- L (vt )
t>Tp
= L '"H

Now we show that M, = op(1),Vk,j € {1,2}. Clearly the last term of both expres-
sions vanishes in probability as 7" — oo. As for the first term in both expressions, note
that for each i € {1,... k}:

1 = 11 &
2 Z Yi t+z:f T Z Yi€rii — 77 <T3/2 Z yt) (\/_ Z Etﬂ)]’
t=To+

t=To+1 t=Tp+1 t=To+1

and we have shown that the first, second and third terms inside the brackets of the
expressions above are Op(1) by Lemma 5 result (c),(b) and (a), respectively. Finally, the
remainder terms of My, are all op(1) simply by applying the convergence results presented
in Lemma 5. Therefore, we have proved part (a) and (b).

For parts (c) and (d), since pj; = pj_ and the covariance kernels are normalized such
that ¢(0) = 1, we write:

T-1

PPN 1 B\ 1o
= 2— — .
y i L = Z¢<JT> Pk

T-1
1, 1 k
=7 19 o
Tl JT;d)(JT)

1 ~ 1 k T ~
(Tp]()) Jr Z ¢ (JT> - ngj

|k|<T

1 T-1 L .
J—TZ¢ (J_T> Mjk] 0;,

The first term in parentheses converges in distribution as shown above, the second
converges to C, by Assumption, hence it is left to show that the term in brackets of the
expression above are op(1) since ¢/9\j is Op(1). We show that convergence in probability
using the Markov’s inequality and the fact that E| M| can be bounded by a positive
decreasing sequence. We show for the second specification (j = 2), the argument is entirely
analogous to the first one. First, we need the following bounds

1
E||Pjt7T|| S bp < 0 \V/j,t S 1—'7 T, Pjt,T = T
1.,
fytet-

yt'yga
E|Rjr(i)]| <br <oo Vjt<T,i, Rjr=

Assuming y, = 0 we can write

yt‘Z(s_1>€s_zt:glsT

s=1
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Since the function ¢ (-, ) is bounded between 0 and 1 we can write

T T
B Py = EIT- 900l — E |75 g1(s. T, zgms,ne;H
s=1

s=1

t t
=E[T7') > g1(s, T)gi (1, T)e.e;

s=1 I=1

t t
ST Y (s Do, TE el

s=1 l=1

t t
<T'Y Y Ellesel
s=1 I=1
T T

<7 Z Z]E Al

s=1 [=1

T T
< Jim T Y Y E el =4,

s=1 [=1

where the last limit exists under Assumptions (a)-(c¢) of Lemma 3. For the second bound
we have

E|Rjerol = EIT el =E

T
T 291(37 T)eser
s=1

t
<T7! Z 91(s, T)E ||ese |

s=1

t
<STY E|eser|
s=1

T
<T! ZE |eselrpil| -

s=1

Note that the last term above is op(1) because the summation is finite due to Assump-
tions (a)-(c) of Lemma 3. Thus, for a fixed T" and i there exist a bound by (i) such that
El| Rt 1)l < br(i) < oo for every t < T and bp(i) — oo. Moreover, due to the mixing
condition (Lemma 3(c)) we know that when i = 1 we have the largest bounds over all i
for a given T so we define by = by (1).

Now we show L, convergence so for any € > 0. Let

| k T
oy = {w e 0 ZQS (—) Z Pjr(w)| > 6} and
T-Toim Jr t=T—k+1
;| N Tk
PBr = {w €eQ: o) (—) Z ZRjt,T(i)(w) > 6} .
T-Toim Jr t=Tp+1 i=1
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For «#r by the Markov’s inequality

1 =
P(ofr) < —E | ——— ¢( ) Z Py
0 %=1 t=T—k+1
T—1 T
1 k
< " (—) S B[Pl
(T —To)e = Jr) i
T-1 T
1 k
ot tb () £ 0
(T —To)e k= Jr t=T—k+1

Note that the kernels are uniformly bounded such that for non-negative integer h:

( )‘:C’h whereC’hE/ooxh|¢(x)|dx.

As a result, as long as Jp = o(T"/?) we have

J5? Tilk‘qﬁ (J%)u — 0.

[im E
T—00 Jh+1

T |kl<T

b, T J3

Plar) < eT—Ty T

For %y, by the Markov’s inequality

~

1
1 k
MT:{wGQ: ¢(—) Z Pjr(w } and
T—To k=1 J t=T—k+1
| I k
ﬂT:{WGQ: gb(—) Z ZR]tT }
T—To k=1 J t=To+1 i=1

For o7y, by the Markov’s inequality

1 1 T— k Tk
P < - —
S . ( T>t;12R”T
0 1
T— k Tk
< b ()| X Seimao
t=To+1 =1

v lk\ (ﬁ)\
€ 1 JT

The last inequality holds because by definition limy_oo Tbr = limp_o0 Zthl Ellet, eria]] <
oo and under assumption that Jy = o(T2).

]
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Proof of Theorem 4
For both specification j = {1, 2}, we have:

JTT2 A AT) n \/LTAT
A I T =1/ =1 l .
J T O'J —\/TlTT@

As long as Ap = o(v/T), we have that the second term in last expression is op(1). The
result than follows from Theorem 2, Lemma 4 and the continuous mapping theorem.
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A - Specification with linear trend A - Specification with linear trend

I cmpirical distribution I empirical distribution
= true distribution = true distribution

-40 -20 0 20 40

(a) T = 100, with trend (b) T = 1000, with trend

A - Specification without linear trend R A - Specification without linear trend
5

I empirical distribution I empirical distribution
true distribution true distribution

-60 -40 -20 o 20 40 60 8( -60 -40 -20 (] 20 40 60 8l

(¢) T = 100, without trend (d) T = 1000, without trend

Figure 2: Empirical (bars) and asymptotic (solid line) distributions of the counterfactual
effects in the cointegration case as stated in Theorem 1 for 7" = 100 and 7" = 1000. The
distributions are scaled as in the Theorem. Panel (a): trend included in the estimated
equation and 7" = 100; Panel (b): trend included in the estimated equation and 7" = 1000;
Panel (c): trend excluded from the estimated equation and 7" = 100; Panel (d): trend
excluded from the estimated equation and 7" = 1000.
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I cmpirical distribution I empirical distribution

——— true distribution

——— true distribution

-60 -40 -20 0 20 40 60 8l -60 -40 -20 0 20 40 60 8l

(a) T = 100, with trend (b) T = 1000, with trend

L L
-40 -30 -20 -10 [¢) 10 20 30 40 5( -40 -30 -20 -10 0 10 20 30 40 50

(¢) T = 100, without trend (d) T = 1000, without trend

Figure 3: Empirical (bars) and asymptotic (solid line) distributions of the ¢-statistics in
the cointegration case as stated in Theorem 3 for 7" = 100 and 7" = 1000. Panel (a):
trend included in the estimated equation and 7' = 100; Panel (b): trend included in the
estimated equation and 7' = 1000; Panel (c): trend excluded from the estimated equation
and T = 100; Panel (d): trend excluded from the estimated equation and 7" = 1000.
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Empirical versus nominal size (with trend) Empirical versus nominal size (with trend)
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Figure 4: Size distortion plots of the ¢-test in the cointegration case for 7' = 100 and
T = 1000 under the asymptotic approximation for the ¢-statistic distribution (lines with
triangles) and the normal approximation (lines with squares). Panel (a): trend included in
the estimated equation and 7" = 100; Panel (b): trend included in the estimated equation
and T = 1000; Panel (c): trend excluded from the estimated equation and 7" = 100;
Panel (d): trend excluded from the estimated equation and 7" = 1000. The horizontal axis
represents the nominal size and the vertical axis represents the empirical size.
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Empirical versus nominal size Empirical versus nominal size
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Figure 5: Empirical rejection rates (size) in the cointegration case when the coefficients
of the linear combination of peers is restricted. Two different sample sizes are considered:
T =100 (panel (a)) and 7' = 1000 (panel (b)).
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A - Specification with linear trend N A - Specification with linear trend
5

I =mpirical distribution
= true dist tion

(a) T = 100, with trend (b) T = 1000, with trend

A - Specification with linear trend A - Specification with linear trend

I empirical distribution I empirical distribution
true distribution true distribution

(¢) T = 100, without trend (d) T = 1000, without trend

Figure 7: Empirical (bars) and asymptotic (solid line) distributions of the counterfactual
effects in the spurious case as stated in Theorem 2 for 7" = 100 and 7" = 1000. The
distributions are scaled as in the Theorem. Panel (a): trend included in the estimated
equation and 7" = 100; Panel (b): trend included in the estimated equation and 7" = 1000;
Panel (c): trend excluded from the estimated equation and 7" = 100; Panel (d): trend
excluded from the estimated equation and 7" = 1000.
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(¢) T = 100, without trend (d) T = 1000, without trend

Figure 8: Empirical (bars) and asymptotic (solid line) distributions of the ¢-statistics in
the spurious case as stated in Theorem 4 for T" = 100 and 7" = 1000. The distributions
are scaled as in the Theorem. Panel (a): trend included in the estimated equation and
T = 100; Panel (b): trend included in the estimated equation and 7" = 1000; Panel (c):
trend excluded from the estimated equation and 7" = 100; Panel (d): trend excluded from
the estimated equation and 1" = 1000.
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Empirical versus nominal size (with trend)
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Figure 9: Size distortion plots of the scaled t-test in the cointegration case for T = 100
and 7' = 1000 under the asymptotic approximation for the scaled t-statistic distribution
(lines with triangles) and the normal approximation (lines with squares). Panel (a): trend
included in the estimated equation and 7' = 100; Panel (b): trend included in the estimated
equation and 7" = 1000; Panel (c): trend excluded from the estimated equation and
T = 100; Panel (d): trend excluded from the estimated equation and 7' = 1000. The
horizontal axis represents the nominal size and the vertical axis represents the empirical
size.
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Empirical versus nominal size
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Figure 10: Empirical rejection rates (size) in the spurious case when the coefficients of
the linear combination of peers is restricted. Two different sample sizes are considered:
T =100 (panel (a)) and T'= 1000 (panel (b)).
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