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ABSTRACT. In infinite horizon incomplete market economies, when collateral repossession is the
only mechanism enforcing borrowers not to entirely default on their promises, Ponzi schemes are
avoided and equilibrium exists independently of the choice of collateral bundles.

In these economies, we add default enforcement mechanisms that are effective, i.e. induce
payments besides the value of collateral guarantees. We prove that, independently of prices, the
individual’s problem does not have a physically feasible solution when collateral guarantees are
not large enough relative to the effectiveness of the additional enforcement mechanisms. We also
emphasize that this result does not depend on specific types of such mechanisms, as long lenders

face payments besides the value of collateral guarantees as a percentage of the remaining debt.

KEYwWORDS. Effective default enforcements, Collateral repossession, Individual’s optimality.
JEL classification: D50; D52.

1. INTRODUCTION

In modern financial markets, collateral guarantees play an important role in enforcing borrowers
not to entirely default on their financial promises. These guarantees are used in several credit
operations, from corporate bonds to Collateralized Mortgages Obligations,' allowing markets to
reduce credit risk and increase portfolio diversification. However, to protect investors from the
excess of losses induced by large negative shocks in the value of collateral guarantees, financial
markets may create and implement additional enforcement mechanisms against default. In this
paper, we focus on the theoretical effects of this policy.

In general equilibrium models, the collateralization of financial contracts is mostly addressed
when the only default enforcement mechanism is the seizure of the associated collateral guarantees.?
In infinite horizon models with incomplete markets, and without exogenous debt constraints or
transversality conditions, Araujo, Pdscoa and Torres-Martinez (2002) proved the existence of equi-
librium independently of the choice of physical collateral guarantees. Essentially, when collateral

repossession is the only default enforcement mechanism, non-arbitrage conditions ensure that the
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price of the joint operation of taking a loan and constituting the respective collateral requirements is
always non-negative, eliminating Ponzi schemes. Also, in such a context, as the existence of collat-
eral requirements rationalize debt constraints, computational methods can be used to approximate
equilibrium allocations for any choice of collateral bundles (see Kubler and Schmedders (2003)).

In the economy studied by Araujo, Pdscoa and Torres-Martinez (2002), we add default enforce-
ment mechanisms that are effective, i.e. enforce payments besides the value of the collateral guar-
antees. In this context, if these additional enforcement mechanisms are persistently effective, we
prove our main result: independently of prices, the individual’s problem does not have a physically
feasible solution when collateral requirements are not large enough relative to the effectiveness of
such mechanisms. For this result, we provide upper bounds for collateral bundles in terms of the
primitives of the economy and we only need additional mechanisms to become persistently effective
in at least one path of uncertainty, even if the probability of such event is asymptotically zero.

We represent additional default enforcement mechanisms by their effectiveness on enforcing pay-
ments besides the value of the collateral requirements. With this approach, we can focus on the
causes generating the non-existence of a solution for the individual’s problem. Also, we can include
several types of mechanisms in our analysis, provided that their effectiveness can be faced by lenders
either as a percentage of the remanning debt or as the imposition of a pecuniary default penalty.

Previously, Pdscoa and Seghir (2006) have shown that the individual’s problem may not have
a physically feasible solution when the only enforcement mechanism besides collateral repossession
is given by linear utility penalties for default. They provide examples of economies in which those
penalties are harsh, implying in loan values greater than that of the associated collateral require-
ments, which, then, lead to the nonexistence of an optimal plan compatible with the available
physical resources.®> However, it follows from our main result that the nonexistence of a physically
feasible solution for the individual’s problem does not depend on specific types of additional en-
forcement mechanisms. Also, as we show, it is not necessary to ensure that borrowers honor a high
percentage of the original promises, it is sufficient to have collateral requirements that are not large
enough in a context of persistently effective additional enforcement mechanisms.

In the infinite horizon economies with collateral repossession here studied, the mere presence of
additional effective enforcement mechanisms does not necessarily eliminate the existence of equilib-
ria. In fact, if non-arbitrage conditions ensure that the difference between the value of the collateral
requirements and that of the associated loan is always non-negative, then, arguments analogous to
those made by Araujo, Pédscoa and Torres-Martinez (2002) imply equilibrium existence. However,
in such a context, we claim that the choice of collateral guarantees becomes relevant to ensure the
non-negativity of the difference above.

The remainder of the paper is organized as follows: Section 2 presents an infinite horizon economy
with assets subject to default and with effective enforcement mechanisms in addition to collateral

repossession. In Section 3 we show our main result and some extensions are discussed in Section 4.

3Since the additional enforcement mechanism studied by these authors may become effective only when these
penalties are harsh, they impose upper bounds on utility penalties to ensure the existence of equilibrium (see Theorem
4.1 in Péscoa and Seghir (2006)).
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2. MODEL

Consider a discrete time, infinite horizon economy with uncertainty and symmetric information.
Let S be the set of states of nature and F; the information available at period ¢t € T := N U {0}.
IF, is a partition of S, and if ¢ > ¢, make Fy finer than F;. Summarizing the uncertainty structure,
define an event-tree as D = {(t,0) € T x 2% : t € T, 0 € F;}, where a pair ¢ := (t,0) € D is called a
node and #(£) :=t is the associated period of time. For simplicity, at ¢ = 0 there is no information,
Fy := S, and there is only one node, &.

A node ¢ = (t',9’) is a successor of & = (¢,1)), denoted by & > &, if ' > t and ¢’ C 9. given
¢ € D, the set of its successors is given by the subtree D(§) := {u € D : p > &}. Also, for
each £ # &, since Fy(¢y is finer than Fy¢)_;, there is only one predecessor £~. We define £’ as an
immediate successor of £ when it is in the set €T :={& € D : & > £,¢(¢') = t(¢) + 1}.

Given k € NU {+o0}, we call path of uncertainty any set of nodes (un;n € N,n < k) C D in
which every pi,,+1 is an immediate successor of u,, for each n < k. A set B C D does not have finite
paths when for any & € N and for each path of uncertainty (u,;n € N,n < k) C B, there exists
n € B such that n € u;i'.

At each node £ in the event-tree D there is a non-empty and finite set of commodities, L. These
commodities may be traded in a competitive market at unitary prices p¢ = (p(g,z))leL S R{; by a
non-empty set of consumers and, at the same time, may depreciate from a node to its successors.
Along the event-tree, this depreciation follows a technology represented by a family of matrices with
non-negative entries, (Y¢)eep, where Ye := ((Ye)ir)qyenxr- For each (I,I') € L x L, (Ye)ir is
the amount of commodity ! obtained at £ if one unit of commodity I’ is consumed at £~. Also, let
We € ]Ri be the aggregate physical resources up to node &, while W = (W¢)¢ep is the plan of such
resources.

There is a finite set of real assets J(£) at each node £ € D. Each j € J(&) is short-lived, has
promises A, ;) € R{; L U{0} at p € £, and is traded in competitive markets by a unitary price
q(¢,5) € Ry. Note that, the non-triviality of financial promises implies that its market value take into
account all the commodities prices. This assumption may be intuitively understood as an indexation
for asset payments using a price index of a referential bundle that may vary with the uncertainty
of the economy. Thus, independently of prices, when at least a percentage of original promises is
honored by borrowers, lenders maintain a minimal purchase power for every commodity.

Since assets are subject to credit risk, borrowers are burdened to constitute physical collateral
guarantees in order to limit lenders’ losses. Particularly, for every unit of an asset j € J(£) sold,
borrowers must establish—and may consume—a bundle C(¢ ;) € R% \ {0} that is seized by the
market in case of default. For the sake of notation, let J(D) := {(§,j) € D x UuepJ(p) : j € J(&)}
and J*(D) = {(n,j) € D x UpepJ(n) = (n~,35) € J(D)}.

Furthermore, additional default enforcement mechanisms may exist. We let financial markets
recover, at each (u,j) € JT(D), amounts of payments F{, ;)(p,) that may be higher, in case of
default, than the value of depreciated collateral guarantees. In these payments, we allow generality
by assuming that additional enforcement mechanisms may induce borrowers to pay: a fixed percent-

age of the remaining debt, A, ;) € [0,1], and/or the market value of a given bundle of resources,
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Y(ug) € Rﬁ. These exogenous variables may be intuitively interpreted as a probability that the
judicial system imposes the entire payment of the remaining debt, and a real pecuniary default
penalty. More formally, for every unit of asset j € J(£), each borrower pays at each u € £+ an

amount
Fuugy () = min{pu A ), 2 YuCle )} + Mgy PrAg) — PuYuClep™

+min{puyug): (1= M) PuAeg) — Pu¥uCle ™t
where (X(,.) Y(u.j)) € [0,1] x (RE, U{0}) is the effectiveness of additional enforcement mechanisms
on asset j at node u, and, for any z € R, [2]* := max{z,0}.

Regarding the additional enforcement mechanisms above, we do not intend to explicitly model
how the market imposes on borrowers additional payments besides the value of collateral guaran-
tees. We represent such mechanisms by their effectiveness. This approach allows us to include
in our analysis economic (i.e. those induced by legal contracts) and non-economic (e.g. moral
sanctions, loss of reputations) default enforcement mechanisms, provided that these mechanisms
may be summarized by a vector of effectiveness. Most importantly, with this approach, it is possi-

ble to focus on the consequences of the effectiveness of such mechanisms on the individual’s decision.

DEFINITION. Given (u,5) € JT(D), additional enforcement mechanisms are effective on asset j at
node p when both (A ), Y(u,j)) and A, ;) are non-zero vectors. Additional enforcement mecha-

nisms are persistently effective in a path of uncertainty ©, if for any u € O, there is j € J(u™) on

which additional enforcement mechanisms are effective at p.

For any path of uncertainty © := (u,;n € N) in which additional enforcement mechanisms are
persistently effective, define Eff (©) C D(u1) as the maximal connected set containing © and having,
at each p € Eff(©), at least one j € J(p~ ) on which additional enforcement mechanisms are effective
at u.* Note that, given (u,j) € J* (D), those definitions above not only depend on the parameters
(A(u.j)» Y(u,j))> but also on the non-triviality of the original promises. Thus, effective additional
enforcement mechanisms means that, in the case of default, a strictly positive amount of resources
is seized besides the depreciated collateral value.

In contrast to any equilibrium model, we focus in the nonexistence of a physically feasible solution
for the individual’s problem and its relationship with the existence of opportunities to implement
Ponzi schemes. For these reasons, it is sufficient to study a decision model where there is an infinitely
lived agent, namely i, who perfectly foresees both market prices and the effectiveness of additional
enforcement mechanisms.

Agent i has physical endowments (wé)ge D € ]Rf *L and preferences represented by a utility
function U* : REXL — Ry U {+o0}. As commodities may be durable, we denote by Wg the
cumulated endowments of agent ¢ up to node £, which are recursively defined by: Wi =wg+Ye W,

when £ > &, and Wfio = wéo, otherwise. Let z¢ € Ri be a bundle of autonomous consumption

4A set B C D is connected when, for each pair (£, 1) € B x B, such that p > &, the only path of uncertainty
connecting € to p is contained in B. Given £ € D, a set B C D(§) is maximal relative to a property A when there is

no other subset of D(§) containing itself and satisfying A.
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at node ¢ (i.e. non-collateralized commodities). Also, let Oc,;) and ¢(¢ ;) be quantities of asset

j € J(&) purchased and sold at the same node. Given (p,q) € II := REXL X Ri(D), a plan
(2,6,9) == (e, 0(c.5) P(e))i € € D, j € J(€)) € E:= RPXD x RIP)  RIP)

is budget feasible for agent i at prices (p, ¢) when

(1) Peo (e, —wh) TP Y. ClanyPieon + O Qo) o) = Pleo) < 0,
j€J(&o0) J€J(&o0)
(2) pelwe —wi) +pe Y, CenPeqn+ Y, Uen e —eesn)
JeJ () jeI(e)
<peYewe-+ Y (peYeCe jypie— ) + Fley ) Oe— 5y — 2e- ) » ¥E> &o.
JEJ(ET)

Also, (z,0,¢) € E is physically feasible if x¢ + ¢ Cle.Pie.) < We, for any € € D. Finally,

jeJd
given (p,q) € II, the objective of agent 4 is to maximize the utility of his consumption, U ’((1:2 +

> s C({,j)@é&j))geD), choosing a budget feasible plan (2, 6%, ') € E.

3. ENFORCEMENT MECHANISMS AND THE SIZE OF COLLATERAL BUNDLES

In this section, we prove our main result: in contrast to the polar case studied by Araujo, Pascoa
and Torres-Martinez (2002), the market choice of collateral bundles becomes relevant when there are
persistently effective additional enforcement mechanisms besides collateral repossession. To achieve

our objective, we impose the following hypotheses.
AssUMPTION Al. For any £ € D, Wg > 0.

ASSUMPTION A2. Given z = (2¢) € RiXD, define Ut(z) = deD ué(zf), where for any £ € D, the

function ué : Ri — Ry is concave, continuous and strictly increasing. Also, U*(W) is finite.?

Given n € D, let Q(n) be the set of assets j € J(n) on which additional enforcement mech-
anisms are effective at some node p € 5. Note that, given a path of uncertainty ©, in which
additional enforcement mechanisms are persistently effective, if Eff(©) does not have finite paths,
then Q(n) # 0, Vn € Eff(O).

THEOREM. Under Assumptions A1-A2, suppose that additional enforcement mechanisms are persis-
tently effective in a path of uncertainty © and that Eff (©) does not have finite paths. Independently
of the prices (p,q) € I1, there are strictly positive upper bounds, (V,),cea (o), such that if

i Cp s <Vv,, VvV n e Eff(0),
Jin ICm.plls < ¥y n (©)

5Note that, as utilities are finite when evaluated in aggregate physical resources, the non-negativity of functions
ué() implies that, in any physical feasible allocation, agent’s i utility is finite. Also, the concavity of the functions
(Ué)&ED implies that U® is concave. Thus, for any ¢ > 1, U*(cW) is also finite. In fact, U*(0.5W) < +oo and,
therefore, by concavity, U*(W) > 7UH0.5W) + (1 — 1)U (o W), where 7 = 22=2 ¢ (0,1), which implies that

20—1
Ui(oW) < 4o0.
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then agent i’s problem does mot have a physically feasible solution.

PROOF. To shorten the notation, given z = (z1,...,2m) € R, let |z|lx := 21", 25 and [|z]|lmax ==
maxj<s<m %s- Fix o > 1. Given n € Eff(©), define

_ UY W) and 7 up (eWy) — upy (Wy)
T mingey, W(nl - || Wi || max
Thus, for each n € Eff(©),
Ty = min 2 min {A(mm min A1) + T, I Y () Ty, 000 A(u,j,z)}
nen

is strictly positive, where A, ;) (resp. y(, ;1)) denotes the I-th coordinate of A, ;) (resp. Y ))-
Thus, suppose that, at each n € Eff(9),

}_%

mln ||C(77 g)HE < \I/ =1
JEQ

T
Assume that, for some (p,q) € II, there is an optimal budget and physically-feasible solu-
tion (2%, 0%, ¢') € E for agent i’s problem. It follows from Lemma 2 (see Appendix) that there
are, for every n € D, multipliers ’yf, € R, and non-pecuniary returns (super-gradients) v¢ €

n
oul, <xf7 + 2 jesm C'(n,j)gal('mj)) such that,% for each j € J(n),

(3) 'Vépn > U; + Z VﬁpuYu»
peNt
pHeENT

Also, the family of multipliers (7;'),,6 p can always be constructed to satisfy (see Lemma 2)

(5) Vf,an,éé ZUZ x + Z Cln.g) s0(1771) < Z

neD jeJ(n) neD
where the last inequality follows from Assumption A2 jointly with the physical feasibility of agent
i’s consumption. Moreover, it is possible to find lower and upper bounds for ’yfypn at each n €
D. Assumption Al and equation (5) ensure that v, |lp,|ls < 7,. Given n € D, let ¢, = x} +
ZjeJ(n) C’(n,j)gof7 be the consumption bundle chosen by agent i at 1. Using equation (3), we have
that
’y;pn(UWn - cf7) > vf,(aW,, - ci,) > u;(aWn) — uﬁ,(c%) > ui](aWn) - u%(Wn) > 0.

Therefore, 7} [|lpy|ls > m, and, at every node n € Eff(©), since () # 0 and min;cqey [C.)lls <
VU, there exists j € Q(n) such that
(6) Yo nCiniy = ) < VePnCongy — O VaFiui)(Pu) <0,

pent

where the last inequality follows from the definition of the upper bound of collateral requirements.

Finally, using the Lemma 1 in the Appendix, we conclude that agent i’s problem does not have a

6Given a concave function f: X CR" - RU{—o0} and = € X, the super-differential of f, f(z), is defined as
the set of points p € X, called super-gradients, such that f(y) — f(z) < p(y — z), Vy € X.
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solution, contradicting the optimality of (z%,6%, %) € E under prices (p, q) € IL. O

Note that, by construction, upper bounds on collateral requirements, (¥,),crg (o), depend only
on the primitives of the economy and, for computational objectives, can be easily found.

Also, given any plan of prices, when collateral requirements are not high enough in the sense of
the Theorem above, either there is no solution for individual’s problem or the associated optimal
plans are not physically feasible. In fact, there are cases in which a solution for the individual’s
problem exists independently of the size of collateral bundles. More precisely, given collateral
bundles (Ci¢ ;))(e,j)es(D), it is always possible to find strictly positive prices (p,q) € II such that,
for any (¢, j) € J(D), peCle j) —4(¢,j) > 0. Therefore, at these prices (p, ), the set of budget feasible
allocations is compact in the product topology and, when U’ is continuous, there is a solution for
agent i’s problem. However, when collateral guarantees satisfy the conditions of the Theorem above,

our main result ensure that this solution is not physically feasible.

4. EXTENSIONS

On endogenous effectiveness.

For each unit of asset sold in our model, we assume that the amount of payments besides the
collateral guarantees is independent of the borrowers and does not depend on the history of default.
This assumption allow us to pool the debt contracts into derivatives following a trivial pass-through
structure identifying both prices and payments of primary (debt) markets with those of secondary
(investment) markets.

However, our analysis may be extended for enforcement mechanisms in which the effectiveness
is an endogenous and personalized variable. Consider a dynamic general equilibrium model with
infinite horizon in which, at any node and for every agent, the access to credit markets and/or
the available endowments depend on previous payments. Thus, in this new framework there may
be endogenous incentives inducing borrowers to deliver payments larger than the depreciated value
of collateral requirements. Also suppose that financial markets still preserve some features from
our original model. That is, each type of credit contract is securitized into only one passthrough
derivative, primitive and derivative prices are identified, and lenders perfectly foresee the payments
of derivatives. Specifically for this last feature, suppose that, in case of default, agents advance
any payment in addition to the depreciated collateral as a percentage of the remaining debt, facing
payment functions with analogous specification of (F(, ;))u,j)e+(D)-

In this new context, under hypotheses on individual’ characteristics analogous to Assumptions

A1-A2, suppose that the following properties hold:

(i) For any plan of prices, individual optimal allocations satisfy inequalities (3)-(5);
(ii) If unitary loan prices persistently exceed the associated collateral value, there is no finite

optimum for individual problems.

Then, lenders expect persistent equilibrium payments in addition to collateral guarantees only when

these collateral requirements are high enough (in a sense analogous of our Theorem).
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Therefore, a natural question arise. When does an economy satisfies properties (i) and (ii)? It
follows from Lemma 2 that any convex model satisfies property (i).” However, some enforcement
mechanisms may induce non-convex budget sets. Even in these cases, our arguments can be remade
if these non-convexities involve only the borrowers’ deliveries.®

On the other hand, the proof of property (ii) (see Lemma 1) relies only on the availability of new
credits for agents. Thus, (ii) holds unless there is some restriction on the short sales. Indeed, in such
a case, agents can not take advantage of the high value of loans (relative to collateral values) by
successively increasing their debts. This case is specially important for models in which the access
to credit markets depends on the history of default. However, even for such a case and for particular
types of preferences, property (ii) can be proved using an alternative argument on Lemma 1. In
fact, suppose that, given £ € D, in addition to the requirement of constituting collateral guarantees,
if an agent payed all his debts at nodes p < &, then he is not debt constrained at £. Also, assume
that the preferences of an agent h satisfy Assumption A2 and that

lim ug (b) = +o0.
bERL , +[|b]ls—+o00
Then, to ensure property (ii), we can reprove Lemma 1 showing that, given any candidate to op-
timal plan, it is always possible to improve agent h’s utility, a contradiction. Essentially, this is
possible because both ug(b) — 400 as ||b||x increases, and loans values are greater than those of

the associated collateral bundles.

Note that, in any model in which effectiveness is an endogenous variable, the mere presence of
additional enforcement mechanisms does not necessarily eliminate equilibrium existence. However,
if our results are valid in such a context, lower these requirements are, lower is the maximum per-

sistently effectiveness that additional enforcement mechanisms can induce in equilibrium.

About non-persistent effectiveness.

Our main result relies on the incompatibility between low collateral requirements and persistent
payments in addition to the value of collateral guarantees. However, when effectiveness is endoge-
nous, our result may still hold even when additional enforcement mechanisms are effective only on
an asset j € J(£) at a node p € £T. In fact, if non-arbitrage conditions imply that, to have a
finite optimum at prices (p, ¢), the value of collateral requirements need to be greater than those
associated with the loans, our results can be improved. Essentially, if we suppose that lenders expect
payments besides the values of collateral guarantees at u € £, and collateral bundles associated
to asset j are not high enough at £, we obtain a contradiction only by using property (i) above.
Indeed, if there is a finite optimum at prices (p, q), then peC(¢ ;) — q(e,;) > 0, which is incompatible

with low collateral requirements when property (i) holds, as proved in the theorem.

"A model is conver when agents’ objective functions are concave and, for each vector of prices, budget sets are
convex.

8Technically7 in this case, the arguments in the proof of Lemma 2 can be remade by redefining the truncated

problem (P%T) in such form that, for any n € DT, variables ¢, are fixed and equal to the optimal choices .
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As a matter of example, suppose that, in case of default on asset j € J(£) at a node p € £€T, not
only the depreciated collateral bundle can be seized but also fractions of endowments, ay; ; € [0, 1],
of autonomous consumption bundles, o ; € [0,1], and of long financial positions, ozz’j € [0,1],
where ZjeJ(;r) g, ; <1, for any s € {w,z,0}. More precisely, if an agent h short-sales (P?g,j) units
of an asset j at &, then he pays at p an amount

: h h h : h 0 h

min § P A ) Ple, 0 PuYuCleqPle) T OpsPuty + ol puYurg +oh; D Nugr(e)0fe )
{57€J(£):5'#35}
where x? is the autonomous consumption at &, (9?5 id € J(&)) are the quantities of derivatives
bought by agent h at £, and for each j' € J(§),
~ +
Nuj'(P) = PuYuClujry + Mg [p#A(u,j/) - p#YuC(uJ’)]

is the expected payment of asset j' at node p. Note that, payments in addition to the depreciated
collateral value are advanced as an endogenous percentage X(mj’) € [0, 1] of the remaining debt.

In this situation, independently of prices or physical-financial allocations, borrowers always have
solvency to pay their commitments. Indeed, in case of default, markets will seize fractions of re-

sources that borrowers already have.

About finite lived agents.

Our main result must not hold for finite horizon economies. In fact, the scarcity of collateral
requirements must ensure the existence of equilibrium in these economies when agents are rational,
even with additional effective enforcements. Thus, without losing equilibrium existence, other effec-
tive default enforcements may be added to the seminal model of passtrough securities of Geanakoplos
and Zame (2002) or to the Steinert and Torres-Martinez’s (2007) model of Collateralized Loan Obli-

gations.

On bounded rationality.

In collateralized financial markets, we prove that when infinite-lived agents are rational—in the
sense that they perfect foresee future prices and effectiveness of default enforcement mechanisms—
any persistently effective additional mechanisms jointly with not large enough collateral guarantees
imply in the nonexistence of a physically feasible solution for individual’s problem.

Allowing weaker requirements of rationality, Daher, Martins-da-Rocha, Pédscoa and Vailakis
(2006) show that, even in the presence of utility penalties, the collateralization of debts solves
the problems associated to the existence of temporary equilibrium in a two-period economy with
default. The main idea is that, independently of the support of individual beliefs about future prices
and future states of nature, borrowers hold collateral requirements and to foreclosure their debts it
is always possible to deliver only the depreciated value of these bundles. Thus, errors in forecasts of
future prices do not induce solvency problems in the economy. However, this is a particularity of the
additional enforcement mechanism given by utility penalties, since any agent may choose to inter-
nalize the associated penalties when his resources are insufficient to honor his financial obligations.

In fact, when agents are finite-lived and take into account expectations about future effectiveness



10 WITH ADDITIONAL ENFORCEMENT MECHANISMS, DOES COLLATERAL AVOID PONZI SCHEMES ?

analogous to those addressed here, individual’s problem may not have a solution. Intuitively, errors

in future forecasts of the effectiveness still may lead to solvency problems.

Long-lived assets and endogenous collateral.

Our analysis also holds when long-lived real assets are available for trading. Essentially, non-
arbitrage conditions associated to individual’s problem are still valid (see Araujo, Pdscoa and Torres-
Martinez (2007)). Finally, if we want collateral requirements to become endogenous, as in Geanako-
plos and Zame (2002), a pool of financial contracts can be offered at each node, with the same real
promises but with different associated collateral bundles. Thus, the choice of financial contracts
traded by borrowers induce an endogenous choice of the associated collateral. However, it is impor-
tant to be careful with the size of the available collateral requirements, since individual’s optimality

may become incompatible with commodity market feasibility.

APPENDIX

In a context of collateralized assets and linear utility penalties for default, Pdscoa and Seghir (2006) show
that Ponzi schemes could be implemented if there exists a subtree D(&) such that, for every node p > &,
there is always some asset j € J(u) whose price exceeds the respective collateral value, p,.C(, ;) — q(u,5) < 0
(see Remark 3.1 in Pdscoa and Seghir (2006)). In such event, the individual’s problem does not have a finite

solution. In our context, weaker conditions ensure the inexistence of a solution for the individual’s problem.

LEMMA 1. Assume that, given x € RiXD, if U'(x) is finite, then U'(y) > U'(x) for any y > x. Also,
suppose that additional enforcement mechanisms are persistently effective in a path © = (un;n € N) such
that, for any n € Eff(©), there exists j € J(n) for which pyC(y iy — G5y < 0. Then, agent i’s indiwidual

problem does not have a finite solution, otherwise, Ponzi schemes could be implemented.

PROOF. Assume there is a budget feasible plan for agent i, (z,6", %), that gives a finite optimum. Under
the monotonicity condition stated in the Lemma, p, > 0 for every node n € D. For each n € Eff(©), let
J' ) ={j € JM) : pnCin.jy — 4(n.jy < 0}. Now, consider the allocation (z¢, b¢, ¢)ecp, with

i 7 i 7 7 . 1
(@5 0 00); (0 01.5))) ugmizco), neemce) = ((x“’e“’%); (01;7‘;0(11,3')))“%133(6) nEER(©) Vi€ JmA T ()

and
Pni) = @2777.7') +0y, Vn€Ef(O), V)€ J! (),
i 1 .
Ty = Tyt (#T Z (CI(n,j) *Pnc(n,j)) 0y, VI € L, if the noden = p1,
Py 7
JjeJt(m)
i 1
o = oo+ gy 2 (@) ~PaCin) oy
(#L) p(n,l) jEJl(n)
1
~ @D 2 PrAandy-, YneEFO)\{m} Vel
@D jerim-)
where the plan (6,),ceg(o) is chosen in such form that the following conditions hold,
(7) Z (Q(M,j) - plLlCQ‘lJ)) Oy > 0,
j€Jt (k1)
(®) > (@) —PaCini) O > D PaApy0,-, Yn€EF(O)\ {m}.

j€Jt(n) jeJ(n™)
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By the definition of Eff(0), it follows that (x¢, 0¢, p¢)eep is budget feasible at prices (p, q). Moreover,
equations above show that Ponzi schemes are possible at prices (p, ¢). In fact, agent i increases his borrowing
at p1 and pays his future commitments either by using new credit at the nodes in which there is effective-
ness or by delivering depreciated collateral guarantees for the nodes p ¢ Eff(©) such that p~ € Eff(©). It
follows that (z¢, O¢, @¢ e p improves the utility level of agent 4, contradicting the optimality of (2%, 8%, ¢*). O

The following result and its demonstration are analogous to Proposition 1 in Araujo, Pdscoa and Torres-

Martinez (2007). However, as slight modifications are necessary we present the whole proof for the readers.

LeEMMA 2. Let (p,q) € II and fir a budget and physically feasible plan z* = (z°,6%,0") € E. Under
Assumptions A1 and A2, if 2* is an optimal allocation for agent i’s problem at prices (p,q), then for every
n € D, the function u,@ is super-differentiable at the point ci, = xﬁ]—i—zje}(n) C’(n,j)gol('n’j), there are multipliers

v, € Ry and super-gradients v}, € dus, (cﬁ,) such that, for each j € J(n),

9) Py 2 vt Y VY,
pent
(10) Tl = Y Vs (Pa)-
pent

Also, the plan of multipliers (v,))nep satisfy
(11) YW <) up(cy).
neD

PROOF. Given T € N, define Dy = {n € D : t() = T} and D" = {n € D :n € J;_, Dx}. For any n € D,
let Z(n) = RY x RJJF(") X Ri(”). For convenience of notations, let 7= =0¢€ Z(&y), where Z(&;) = RY.

Consider the optimization problem:

max ). up <$n + ZjeJ(n) C(n,j)ﬁo(n,ﬁ)

neDT
T 2y 1= (@n, 0y, on) € Z(n) Vne DT,
(P=7) " 91 (2, 20~ Q) < 0, VneDT,
Tn+ 2 jesm CaonPmin < 2Wn, Vne DY,
Zn € [0,z)], Vne Dr.

where the inequality g,i](z,,,zn_;p7 q) < 0 represents the budget constraint at node 7, that is, inequality
(1) or (2), and given (z,y) € R™ x R™, the interval [z,y] := {# € R™ : Ja € [0,1], z = az + (1 — a)y}.
It follows from the existence of an optimal individual plan at prices (p,q) that there exists a solution for

(P"’T)7 namely (z%’T)nEDT.Q
9n fact, define a new problem (15"“'*T)7

max ., ul (In + 2 jeam) C(n,j)‘P(mJ’))

neDT
zy := (T, Oy, n) € Z(n) Vne DT,
(PT) 94 (zns 2,30, Q) < 0, VneDT,
s.t. Ty + ZjeJ(n) C(n»j)‘”(n,j) < 2Wy, Vne DT,
zn € [0,2;], V0 € Dr,
If qu,,H=0 then 0, ;) =0.

Under Assumption A2 the objective function on (P*T) is continuous, and the set of admissible allocations is compact
in HneDT Z(m). Note that, to ensure this it is necessary to have non-zero collateral requirements, otherwise, long

and short positions are unbounded.
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Given 1 € D, define the concave function v} : R* x R7M x RIM — RU {—o0} as

Vi) = Uy, (xn + 2 jesm C(ma‘)s@(n,j)) if oy + 3550 Cni)Png) = 05
m —00 otherwise. ’
where 2, = (4, 0, ¢n). It follows that, for any 7> 1, -,z vh(2hT) < > meD vh(2h).10

For each n € D and v, € Ry, define £, (-,v;p,q) : Z(n) x Z(n~) — R as
£?q(zﬂvzn—7’y?7; D, q) = V’:‘.](ZT]) - FY”I g:y(zﬁ7zn—;p7 Q)

Given T € N, for each n € DT™', define the set =7 (n) as the family of allocations (z,, 80y, v,) € Z(n)
that satisfies zn + 3¢ 5,
(xn,0n,0n) € Z(n) that satisfies both z, + >
=T = HneDT =7 ().

It follows from Rockafellar (1997, Theorem 28.3), that there exist non-negative multipliers (yf?’T)ne DT

Claj)Piny < 2Wy. Also, for any n € Dr, let Z7(n) be the set of allocations

jesimn Con®my < 2Wy and (2q, 0y, ¢n) € [0,2}]. Let

such that the following saddle point property holds,
i i, T i T T _i,T =T
(12) Z ‘C’n(z”lv Z”]—a’yn ) Py q) S Z ‘Cn(zn azn, 777] ) Dy q)7 V(Z”I)nEDT S )
neDT neDT
and 7" g5, (25", 257, q) = 0.
Claim A. For each ji € D, the sequence (vj;" )r>t(u) is bounded. Moreover, given T > t(u),

vi(an) =vu(z) < [ 4 Vigue o)+ Y W Vegu(pa) | - (an —z) + D wi(z8), Vau €E(w),
nept geD\DT-1

where, for any n € D, the vector (V1g;,(p, q), V2g, (p,q)) is defined by

Vigh(®:q) = (Pns@n, 00Clngy — dng))icsm) s
Vogy (@) = (=paYn (Fan)iesmy 0nYaConiy = Finj))icaim)) -

Proof. Given ¢t < T, substitute the following allocation in inequality (12)

_ (W7l]7070)7 VWEDt_la
K (0,0,0), VpeDT\ D

We have:

(13) T oWy <3 () <Y vn(zn)
neDy nenT neD
Assumptions Al ensure that, for each n € D, mincr W(in’l) > 0. Also, Assumption A2 implies that
[pnll= > 0, guaranteing that, for each p € D, the sequence (75" )74(,) is bounded.
On the other hand, given (zy),cpr € 27, using (12), we have that

> LGz ima) <Y Vi),

neDT nebD

Thus, there is a solution (z,i{T)nEDT. Moreover, this solution for (P“T) is also an optimal choice for (P*7T).
Essentially, the existence of a finite optimum at prices (p, q) for the agent #’s problem ensure that, when d(n,5) =0,
the payments F(u,j)(pu) must be equal zero, for each 1 € nT. Thus, when 4(n,5) = 0, choosing positives amounts of
0(y,;) does not induce any gains.

10Note that, otherwise, agent ¢ improve his utility in D choosing the allocation (zf,’T) pT in the sub-tree DT,

ne
without making any (physical or financial) trade after the nodes with date T
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Thus, fix p € DT" and a, € Z7 (). If we evaluate inequality above in
e Yt
! ay, forn=yp,

we obtain

i T i i i i
(14) Vu(alt) _’Yu gu(auvzu—7p7 Z ’Y gn vaauvpz Q) < v (Z,u)+ Z V’n(zn)'
nept neD\DT

Since functions (gg( ;ip,q); € € D) are affine, we have
gilaw 2,—3.q) = Vigu(p,q) - au — puwy + Vg (p,q) - 7, -
Gn(znr0uip Q) = Vigy(p,q) - 2 — powy + Vagn(p,@) - au, ¥y e pt.
Also, budget feasibility of (z;)ne p at prices (p, q), jointly with monotonicity of preferences, ensure that,

—puwy + Vag(p,q) - 2- = —Vigu(p,q) - 2,

Vigy(p,q) - 2 — Pywy, ~Vagn(p,q) - 2, Ve pt.

Therefore,

W gu(aw 20 @) + > T gn (e awpa) = | T Vigh (e d) + D> v Vagy(p,9) | - (a — 2).
nept nept

Using (14), we conclude the proof. [

Since D is countable and, for any node 7, the sequence (fy%’T)TZt(n) is bounded, using Tychonoff Theorem
(see Aliprantis and Border (1999, Theorem 2.57)), there is a common subsequence (Tk)ren C N and non-

negative multipliers, (’Y%)neD, such that, for each n € D, limg_ 'yf]‘T" = ,y; and

Vo go (2, 205D, q) = 0,

where, as we said above, the last equation follows from the strictly monotonicity of ui]. Moreover, taking
the limit as T' goes to infinity in inequality (13) we obtain that
(15) ST vwipaWa < D wi(z), VE>o0.
n€Dt neD
Therefore, equation (11) follows.
Since for any n € D, 2°(n) = E°2(n) when min{s1, s2} > t(n), it follows from the inequality in the

statement of Claim above, taking the limit as T' goes to infinity, that

(16) V:](aﬁ) - V:](Z':]) S 'ynvlgn p,q Z ’Vqugp.(pv ) . (a”’l - 22)7 v an € Et(n)“(ﬁ)-

pent

Thus,

WVigy (@) + D 7. Vagu(p,q) | €0 (V% + 0z, + 5z2<n>> (zn);

pent

where the functions 7, () : RY x R x R/ — RU {~0c0}, h € {1,2}, satisfy

07 if (xn707l7(p77) € Z(T))»

—o0, otherwise.

6Zl@ﬂ(xn70ﬁ7@n) = {

0, if z + ZjeJm) Clni) ) < 2Wa,

5Z2(7])(m7770777907]) = .
—00, otherwise.
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where 2, = (2,0, ¢,) € RY x R7™ x R/ Since the plan (z5),ep is physically feasible, there exists
a neighborhood V' of 2z} such that 6z, (b) = 0 for every b € V. Then, we have that 05z, (z,) = {0}.
Also, it follows by Theorem 23.8 and 23.9 in Rockafellar (1997), that there exists v}, € duj,(c}) and ki, €
07y (h, 01, b)) such that
(17) WVign (@) + D ¥ V205, q) = (v, 0, (Cinjyvy)iesm) + k-
ment
Notice that, by definition, for each z, > 0,k € 0dz(y)(2y) © 0 < k(y — 2), ¥V y > 0, therefore, ﬁﬁ, > 0.

Thus, the inequalities stated in the lemma hold from equation (17). On the other hand, strictly monotonicity

of function ui,, ensure that v% > 0 and, therefore, it follows from (9), that ’y,i7 is strictly positive. O
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